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Abstract

This work presents a comprehensive theoretical frame-
work for window-based congestion control protocols that
are designed to converge to fairness and efficiency. We first
derive a sufficient condition for convergence to fairness.
Using this, we show how fair window increase/decrease
policies can be constructed from suitable pairs of monoton-
ically non-decreasing functions. We show that well-studied
protocols such as TCP, GAIMD and Binomial congestion
control can be constructed using this method. Thus we pro-
vide a common framework for the analysis of such window-
based protocols. To validate our approach, we present ex-
perimental results for a new TCP-friendly protocol, LOG,
designed using this framework with the objective of recon-
ciling the smoothness requirement of streaming media-like
applications with the need for a fast dynamic response to
congestion.

1 Introduction

Van Jacobson’s congestion control and avoidance mech-
anisms for TCP [9] have been instrumental for the suc-
cess and stability of the Internet. Chiu and Jain [4] proved
that, assuming synchronous feedback, any additive-increase
multiplicative-decrease (AIMD) mechanism such as TCP
converges to fairness and efficiency. Thus these mecha-
nisms allow flows to equitably share a bottleneck link’s
bandwidth by adjusting their sending rates, while at the
same time efficiently utilizing all of the available band-
width. In abstract terms, TCP can be viewed as a distributed
algorithm to fairly and efficiently apportion a common re-
source without having to explicitly exchange any informa-
tion between the users of the resource. This is arguably the
main reason for the success of TCP.
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Unfortunately, recent experience indicates that TCP may
not be suitable for all applications. For example, TCP’s
abrupt decrease-by-half response to losses or congestion
indications cannot be tolerated by streaming media appli-
cations. Consequently, there is a pressing need to design
custom congestion control protocols adapted to the needs
of different applications. To simplify the task of design-
ing a protocol that not only suits a given situation, but
also satisfies the nice property of convergence to fairness
and efficiency, we propose a window-based congestion con-
trol framework called CYRF (for Choose Your Response
Function). By choosing specific window increase and de-
crease policies (or response functions), CYRF can be easily
adapted to suit different application and network needs.

Our main theoretical result is that given two monoton-
ically non-decreasing functions f(z) and g(z), f(z) > 0
and 0 < g(z) < 1forall z > 1, a set of flows using the fol-
lowing increase/decrease policy converges to fairness and
efficiency:

I:z(t+ R)
D:z(t+ R)

« z(t) +x(t)/ f(x(t)
« x(t) —x(t)g(x(t) @

Throughout this paper, we use x(t) to represent the current
window size and z(¢ + R), the next window, after a round-
trip time R. We also use 7 for the increase policy and D for
the decrease policy.

We term these protocols as step-wise convergent be-
cause each application of the above policy moves the sys-
tem closer to fairness. We also obtain a more general class
of smooth epoch-wise convergent protocols called 1-CYRF
that allow unfair decrease steps but still converge to fair-
ness over each congestion epoch if we drop the requirement
that g(z) be monotonic, and instead only ask that the prod-
uct f(x)g(z) be monotonically non-decreasing, and always
greater than 1 for z > 1.

An interesting aspect of this work is that all commonly
known window-based protocols, namely TCP, GAIMD and
Binomial Congestion Control are special cases of CYRF
(some binomial congestion control protocols are only a spe-
cial case of 1-CYRF), thus providing a powerful unified
framework for the analysis of these protocols. We obtain
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new proofs for the fairness of these protocols as special
cases of the results for CYRF. As a second application
of CYRF, we describe a new classification of the space of
window-based protocols.

The main application envisaged for CYRF is the design
of new window-based protocols to suit different applica-
tion and network needs. We briefly describe a new 1-CYRF
TCP-friendly protocol called LOG that balances the need of
streaming media applications for smooth changes in send-
ing rate with the network requirement of a fast response
to congestion indications. We will also experimentally
demonstrate the validity of the main theorems for CYRF
using LOG.

This is the first of a series of related papers on CYRF.
In a future paper, we will investigate two separate ap-
proaches that use CYRF congestion control but also allow
co-existence with legacy TCP flows that dominate the In-
ternet. In the first method, we will describe simple rules
to make smooth CYRF flows TCP-friendly and mathemat-
ically derive the LOG protocol as a case in point. The sec-
ond approach relaxes the TCP-friendly requirement to ap-
ply only when the flow is sufficiently large, and obtains a
much better dynamic response and compatibility with drop-
tail queues.

The rest of this paper is organized as follows. In Sec-
tion 2, we describe related proposals. Section 3 explains
some of the simplifying assumptions used in our analysis
and derives sufficient conditions for 2 and n > 2 flows to
converge to fairness and efficiency. This is used in section 4
as the basis for CYRF. Section 5 experimentally validates
the main theorem and presents our simulations of LOG.
Section 6 concludes the work.

2 Redated work

TCP is the most widely used congestion control mech-
anism today. Most modern TCP implementations [25] in-
corporate algorithms introduced by Van Jacobson [1, 9] into
4.3BSD to fix the original 1988 congestion collapse. In con-
gestion avoidance mode, TCP increases its window size by
1 when a window is acknowledged, and decreases the win-
dow to half its previous size when a loss is detected. Thus
its increase and decrease policies are given by:

T:z(t+R) « =z(t)+1
D:z(t+R) <« x(t)—z(t)/2 2

Congestion avoidance was simultaneously investigated
in a series of papers by Jain, Ramakrishnan and Chiu which
is summarized in [11]. Prominent congestion control proto-
cols in classical networking literature include Clark et al. ’s
NETBLT [5] and Ramakrishnan and Jain’s DECBit [18].

The notion of TCP-friendliness [14, 15] has given rise to
a number of new proposals [2,8, 12, 20, 21, 24, 27] for the
transport of streaming multimedia.

The closest in approach to CYRF are GAIMD and Bino-
mial congestion control, which are both shown to be special
cases of CYRF. GAIMD [11, 27] generalizes TCP to an Ad-
ditive Increase Multiplicative Decrease (AIMD) policy with
different increase and decrease parameters. Its increase and
decrease policies are given by

T:z(t+ R)
D:z(t+ R)

— z(t) + a; a>0
— z(t)—Pz(t); 0<B <1 (3)
with a« = 33/(2 — B) for TCP-friendliness[7].* Binomial

congestion control [2] proposes the following non-linear in-
crease/decrease policies:

a>0
0<pB<l (4

T:x(t+R) « z(t)+a/z()F;
D:a(t+R) + a(t)—Bz(t)

with the further condition that k¥ + [ = 1 to ensure TCP-
friendliness. We can use [ > 1 only if we know that the
maximum window size is z < (1/8)'"!. Otherwise, we
will need to separately deal with the possibility of negative
window sizes after an application of D. A similar policy is
briefly considered in section 4 of the Chiu-Jain paper [4].

Notice that plugging « = 1 and 8 = 1/2 for GAIMD
(Equation 3) gives us TCP. GAIMD itself is a special case of
the binomial algorithm(Equation 4) with k = 0 and [ = 1.
SQRT (k =1 = 0.5) and 1AD (k = 1,1 = 0) are two
non-linear binomial controls in [2] that we will use in later
sections.

TFRC [8] is a rate-based scheme which directly uses the
TCP throughput equation [16] to estimate its sending rate.
TEAR [21] estimates the TCP-friendly rate by emulating
the entire TCP state machine at the receiver. RAP [20]
modifies the inter-packet gap to provide fine-grained delay-
based congestion avoidance. The Loss-Delay Adjustment
Algorithm [24] uses feedback from RTP [23] for rate ad-
justment.

In this work, we do not look at multicast congestion con-
trol. We also do not consider application-specific adaptive
approaches such as [19] that try to make the best use of the
available network support. We consider all flows equal so
that schemes like MulTCP [6] fall outside our framework.
Similarly, we allow only binary feedback, either through
packet loss or an ECN-like indication. Thus proposals such
as Explicit Window Adaptation [13] which requires per-
flow network feedback are not considered. Finally, we con-
fine ourselves to the classical memoryless model of conges-
tion control. Thus recent schemes such as SIMD [12] fall
outside our scope.

1This does not consider the effect of timeouts. [27] gives a slightly
different condition for TCP-friendliness with timeouts.
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3 Convergence requirements

In this section, we first outline the simplifying assump-
tions made in the rest of the paper and then formalize the
notions of convergence to fairness and efficiency. It is im-
portant to note that while these assumptions simplify our
proofs, they do not restrict the applicability of the results.
Section 5 shows that the theorems apply even in experi-
mental simulations where the ideal-case assumptions do not
hold.

3.1 Notation

Following Chiu and Jain [4], in the rest of this work we
adopt the following conventions for notation. We use z;
to represent the current window size of the i** flow. Ax;
denotes a change to it due to the application of an increase
policy Z or a decrease policy D. In general, the numerical
subscript ¢ will be used to denote a quantity on flow 4, and
the number of flows is represented by n.

3.2 Themode

The following analysis uses Chiu and Jain’s synchronous
feedback assumption [4] that all the flows in the network get
the same feedback and get this feedback simultaneously.
Furthermore, the feedback is binary and limited to a sin-
gle bit indicating whether the network is overloaded(1) or
if there is additional available bandwidth (0). This feed-
back can be implicit, for example, through packet losses, or
through an explicit mechanism such as a “congestion expe-
rienced” bit in an ECN aware network [17, 18].

If the network feedback is 1, then the next window size
is determined by the decrease policy D, otherwise, the in-
crease policy 7 is applied. Usually, this adjustment occurs
upon receiving an ACK. Here we use the continuous fluid
model which assumes that this happens as a continuous pro-
Cess.

We also assume a saturated sender whose window size is
limited only by the network, and not by the receiver’s win-
dow or the amount of outstanding data at the sender. Finally,
we ignore mechanisms such as slow-start by assuming that
steady state has been reached.

3.3 1-responsiveness

Steady state can be characterized by a sequence of con-
gestion epochs which we define as the largest period of time
which contains (and ends with) exactly one application of
the decrease policy. Most analyses (for example, [2,7])
implicitly assume that each congestion epoch has at least
one application of an increase policy, or equivalently, that
each decrease is preceded by at least one increase. With the

synchronous feedback assumption, this means that for each
flow, the decrease in window size from a single application
of D must at least wipe out the previous increase resulting
from the last application of Z, so that the next feedback from
the network does not indicate overload. In other words, the
following criterion must be satisfied:

|A(wr)] < [A(wp)] (5)

where A(wz) is the increase resulting from a single appli-
cation of Z and A (wyp ) the decrease in window size because
of D. We term protocols which satisfy Equation 5 for suf-
ficiently large window sizes as 1-responsive to distinguish
them from k-responsive protocols which require & > 1 ap-
plications of D to offset an increase.

Unless otherwise stated, the protocols are assumed to be
1-responsive. As can be seen from Equations 2, 3 and 4,
many interesting protocols like TCP, GAIMD and the TCP-
friendly version of Binomial Congestion Control are 1-
responsive in general 2. Thus, this is not a very restrictive
assumption.

3.4 Convergenceto efficency

We require the system to react in such a way as to move
the total bottleneck link utilization closer to the link capac-
ity. This can be achieved if the total utilization across all
flows (i.e., sum of window sizes) increases when the bot-
tleneck link is underutilized and decreases when the bottle-
neck link is overloaded. This is just the principle of negative
feedback [4]. An easy way to achieve this is to have each
flow increase its window size when the bottleneck link is
under-utilized and decrease its window size when the bot-
tleneck link is overloaded.

3.5 Convergenceto fairness

Fairness is the most important criterion for the feasibility
of any end-to-end congestion control protocol. Intuitively,
this means that regardless of the initial window size values,
all flows sharing a single bottleneck link must eventually
end up with identical window sizes at each instant (in steady
state).

When the eventual goal of equal window sizes is not sat-
isfied, the flows share the link unfairly. To quantify this, we
use the Jain-Chiu-Hawe Fairness index [10] F:

@)’
F=-“*>=-—"5% 6
n(x e ©
Observe that F is a continuous differentiable function up-
perbounded by 1, and this upperbound is reached when the
allocation is totally fair (z1 = z2 = ... = z,).

2Note that the minimum possible window size is 1 and for this window,
Equation 5 fails. But we assume a congestion epoch with a sufficiently
large minimum window size.
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In this section, we derive a simple sufficient condition
that guarantees convergence to fairness. The following nu-
merical example will motivate and provide an intuitive feel
for the result:

Example 1: Consider two flows with windows of size
1 = 8and x, = 10. If an application of the increase
policy must result in a fair window size of 11 for both, the
smaller flow must change (increase) by a larger amount:
Az, = 3, as compared to Az, = 1. Similarly, if a de-
crease must result in a fair window size of 7, the smaller
flow must decrease by a smaller amount, or equivalently,
change by a larger amount: Az, = —1 which is greater
than Az, = —3. [ |

Thus the signed change in the window size Az, must be
greater for the flow with the smaller window. The theorem
below shows that it is sufficient for the signed proportional
change Az, /x; to be greater.

Theorem 1 (2-Flow Fairness Condition) Two flows with
window sizes x; and 2, 1 < 2, sharing a bottleneck
link will eventually converge to and maintain a totally fair
allocation of bottleneck link bandwidth if the following con-
ditionis satisfied (after each application of anincrease pol-
icy Z and decrease policy D or over any reasonably small
period of time):
Al‘l AQL'Q

— > — ()
I o

At least one of the two policies must ensure a strict inequal-
ity.

Proof: The proof proceeds as follows: Suppose two flows
with windows z; and z, share a bottleneck link. Let AF
be the change in F corresponding to a small change Az,
in z; and Az, in 2. If AF is positive at each application
of an increase/decrease policy, then eventually F reaches its
maximum value of 1 regardless of its initial value, and the
system moves to a totally fair allocation. Thus we only need
to ensure AF > 0 always.
For n = 2, Equation 6 becomes

. (561 +SE2)2
2(af +a3)

Using

and making the continuous fluid approximation that the
changes Az, and Az, represent infinitesimal changes to
1 and zo:

dr; ~ Al‘l, dxry ~ Az and dF ~ AF (8)

we get

{(x% + x%) (1 + x2) — (21 + x2)2 xl} Axy
(2} +23)°
{(x% + x%) (o + 1) — (22 + x1)2 1'2} Axy

(e] + 23)?

AF =

_+_

Imposing the condition AF > 0, we get
(224 23) (Azy +Axy) > (21 +22) (21 Axy +22A15) (9)
Simplifying, and using x> — x; > 0, we can write

Az Az
20, 22
T T2

Note that we need at least one of Z or D to ensure AF > 0
so that F increases over each congestion epoch and eventu-
ally becomes 1. Thus at least one of them must have a strict
inequality in Equation 7. Also, once z; = z-, this equality
is maintained under synchronous feedback and the values of
the window sizes will increase or decrease in lockstep with
each other. [ |

We can use a linear interpolation of the window size be-
tween two applications of Z for GAIMD and TCP, so that
dry = Axy, dzs = Azs and dF = AF which is stronger
than Equation 8. Thus the above proof applies to these pro-
tocols even though the changes Az, and Az, are not in-
finitesimal.

This is used in the following corollary which gives a new
algebraic proof of convergence to fairness for two GAIMD
(or TCP) flows. Chiu and Jain [4] give a different proof
for the convergence of GAIMD under the same conditions.
This validates the correctness of our results in a way. We
also give the first algebraic proof of convergence for bino-
mial congestion control. (The original proof in [2] is a geo-
metric proof based on the Chiu-Jain phase plot.)

Corollary 2 Two TCP or GAIMD flows converge to fair-
ness under the assumption of synchronized feedback

Proof: For TCP, Az = 1 for the increase policy and
Equation 7 becomes: 1/x1 > 1/x2if 21 < z». Similarly
Az = —z/2 for the decrease policy and Equation 7 reduces
to —(1/2) = —(1/2).

For GAIMD, Az = « for the increase policy and Equa-
tion 7 becomes: a/z; > a/zsifzy < zy. Similarly
Ax = —px for the decrease policy and Equation 7 reduces

to -3 =—p. [ |

For Binomial congestion control, Az = a/z* for
the increase policy and Equation 7 becomes: a/z %' >
afctlifz, < x,. Similarly Az = —pz! for the

i ; -1
decrease policy and Equation 7 reduces to —pz; ~ >
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—Bm’{l if z; < x5. Thus, the increase and decrease policy
separately ensure convergence to fairness only if & > —1
and! > 1.

However, SQRT and I1AD, the two instances of binomial
congestion control experimentally evaluated in [2] have val-
ues of [ < 1. Also, as discussed in section 2, we can use
[ > 1 only if we know the maximum window size. The
following corollary shows that binomial congestion control
converges to fairness if £,7 > 0, which is satisfied by both
SQRT (k=1/2,1=1/2)and IAD (k = 1, | = 0).

The proof proceeds as follows: We have shown above
that each application of an increase policy increases fair-
ness if k > —1. Thus any sequence of window size updates
using only the increase policy increases fairness. The proof
shows that even though the decrease policy will worsen fair-
ness when 0 < [ < 1, the increase in fairness from the
previous application of the increase policy more than off-
sets this decrease in fairness. Also, for sufficiently large
window sizes, binomial congestion control is 1-responsive.
Thus each application of a decrease policy is always pre-
ceded by an increase policy, so that the value of F increases
over each congestion epoch.

Corollary 3 Binomial congestion control convergesto fair-
nessif k,1 > 0.

Proof: Clearly, binomial congestion control with £,7 > 0
satisfies the 1-responsiveness criterion (Equation 5) for suf-
ficiently large window sizes. Thus, each application of a de-
crease policy is preceded by an application of the increase
policy.

Suppose the window sizes of the two flows are z 1, x»
(x1 < 1), just before the application of the increase pol-
icy that is followed by an application of the decrease pol-
icy. It is sufficient to show that the fairness index increases
over this subsequence of window size adjustments (an in-
crease followed by a decrease) since we already know that
sequences consisting only of applications of increase pol-
icy improve the fairness index if & > —1. (Because of 1-
responsiveness we need not consider a subsequence with
two or more window decreases.)

We need to show that if z; < 24,

& =Bl + %)
1

1

% — B(z2 + %)l

T T2

>

Approximating 3(z + a/z*)! ~ Bz!, we need to prove

5
> 2
T o T2
Or,
a— Bt o — paht!
k+1 k+1
1 Lo
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But when z; < x5, we have 1/2%"! > 1/25"! and o —
Bt > o — Bah™ because k +1 > 0.

Thus the decrease in fairness due to the application of the
decrease policy is offset by the increase in fairness resulting
from the previous increase in window size. Thus F always
improves over a congestion epoch, and binomial congestion
control converges to fairness even if 0 <1 < 1. [ ]

Theorem 1 can be extended for n flows:

Theorem 4 (n-Flow Fairness Condition) n-flows  with
windows z1,zs,. ..z, converge to fairness if the following
condition is satisfied (after each application of an increase
policy 7 and decrease policy D or over any reasonably
small period of time):

x2 Azx; > T; z; Ax; (10)

Again, at least one of the two policies should ensure a strict
inequality.

The proof is very similar to the 2-flow case. Notice that
the n-flow result reduces to Equation 9 for n = 2.

Corollary 5 N GAIMD or TCP flows converge to fairness

Proof: We derive the results for GAIMD. We can show that
n TCP flows converge to fairness in exactly the same way.
In fact, the result for GAIMD implies the result for TCP
because TCP is a special case of GAIMD.

e Case 1: The increase policy satisfies Equation 10.

In this case Ax; = «. Since F is upperbounded by 1,
we get (from Equation 6)

()
T

Rewriting this, we get,

i=n i=n i=n i=n

Zx?ZlZZwiZwi-l

i=1 i=1 i=1 i=1
Multiplying both sides by «,

i=n i—= i=n i=n

=n
2
Eng aZE HJZE T Q
i=1  i=1

i=1 i=1
which is Equation 10 with Az; = a.

e Case 2: The decrease policy satisfies Equation 10
In this case Ax; = Bx;. Equation 10 becomes

i=n i=n i=n i=n
2
T E Bx; = Ti i - P
i=1 i=1 i=1 =1
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Thus, GAIMD ensures that each application of the in-
crease policy leads to an increase in fairness, but maintains
the fairness index when the decrease policy is applied.

[ |

It can be shown that n binomial flows also satisfy Equa-
tion 10 and hence converge to fairness. The proof sketch
is very similar to the proof for Theorem 9. However, this
result is easily obtained in section 4.2 as a special case of
Theorem 10. Thus we have:

Corollary 6 n > 2 binomial flows converge to fairness.

4 CYRF

In this section, we adopt a novel approach to protocol
design. Since the primary motivation behind this work is
the wide range of requirments of different applications, we
would like to know what latitude an application can have in
choosing a response function. We ask the question: “What
is the class of increase/decrease policies that satisfy Equa-
tion 7?”. This yields a new family of congestion control
protocols that are designed to converge to fairness and effi-
ciency.

4.1 f(-),9(-) congestion control

Suppose two flows share a bottleneck. Assuming that
Az is some function of x, we can see that Equation 7 (and
Example 1) implies some kind of monotonicity for Ax.
Also, this function must be differentiable for the proof of
Theorem 1 to apply. Furthermore, for convergence to effi-
ciency, the principle of negative feedback discussed in sec-
tion 3.4 must be satisfied. These requirements are expressed
in the following theorem.

Theorem 7 (2-Flow Fairnessfor CYRF) Let f(z) and
g(z) be any differentiable monotonically non-decreasing
functions (at least one of them strictly increasing) with
f(z) >0and0 < g(z) < 1forall z > 1. Then thein-
crease and decrease policiesin Equation 1 ensure converge
to fairness and efficiency for two flows sharing a bottleneck
link.

Proof: Az = x(¢)/f(z(t)) for the increase policy and
Az = —z(t)g(x(t)) for the decrease policy.

Convergenceto fairness: It is easy to see that, if z, 2
(z1 < x3), are the two window sizes, then because of the
monotonicity of f(-) and g(-), the increase policy satisfies
Equation 7: 1/f(z1) > 1/f(x2) and similarly for the de-
crease policy,—g(xz1) > —g(z=2). Note that since at least
one of the two functions is strictly increasing, we have a
strict inequality for at least one of the two policies as re-
quired by Theorem 1.

Convergence to efficiency: For CYRF to be efficient,
the principle of negative feedback must apply and Z must
increase the window and D must decrease the window size.
This is clearly satisfied for all window sizes z(t) > 1, be-
cause Az is positive for the increase policy and negative for
the decrease policy (due to the constraints f(«(¢)) > 0 and
g(z(t)) > 0).

The upperbound g(x) < 1 ensures that D does not lead
to negative window sizes. [ ]

Because each application of an increase or decrease pol-
icy moves the system towards fairness, we call this class of
protocols as step-wise convergent.

For protocols with a smooth increase policy®, we can
drop the requirement that g(x) be a monotonically non-
decreasing function; instead, we only require that f(x)g(x)
be monotonically non-decreasing and greater than 1 for
x > ¢, for some small constant c. We then obtain epoch-
wise convergent protocols that only converge over each con-
gestion epoch. Note that we need either f(z) or f(z)g(z) to
be strictly increasing to meet the “strict inequality” require-
ment of Theorem 1. We call this class of protocols 1-CYRF
because if f(x)g(z) > 1, the protocol is 1-responsive.

Theorem 8 1-CYRF convergesto fairness for n = 2 flows.

Proof: In 1-CYREF, each application of the increase policy
will still increase the fairness index. However, the decrease
policy can now worsen fairness if g(z) is not monotonic.
But if the increase in F can offset the decrease, the system
will still converge to fairness over each congestion epoch.
To accomplish this, we impose a stronger constraint that the
increase in F from a single application of Z must be more
than the decrease in F from a single application of D and
use the 1-responsiveness condition to ensure that each ap-
plication of a decrease policy is preceded by at least one
increase. Thus, in deterministic steady-state, F will still in-
crease over each congestion epoch.

A single application of 7 followed by an application of
D increases fairness if Equation 7 is satisfied. Here Az =
o/ f(z) — (z+a/f(2)g(x+2/f(2)) = 2(1/ f(z) — g(x))
because of smoothness. Thuswe require 1/f(x1)—g(z1) >
1/f(z2) — g(x2) if 2y < 5. Notice that if f(x)g(x) is
monotonically non-decreasing, then

1 1— fz)g(x)
— —g(z) = — 2
i@ =
is monotonically non-increasing. Thus the inequality re-
quired by Equation 7 will be automatically satisfied. ]

CYRF was designed to converge to fairness for the two-
flow case. The following theorem proves that CYRF con-
verges to fairness for n > 2 flows also.

3Formally, a policy is smooth if the window size increase from a single
application of the policy is at least an order of magnitude smaller than the
current window size, for large enough windows.
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Theorem 9 CYRF convergesto fairnessfor n > 2 flows.

Proof: We will prove a stronger result, viz., that CYRF
flows satisfy the sufficiency condition given by Equation 10.
The proof proceeds as follows: Without loss of generality,
we will order the flows by increasing window size. We then
use mathematical induction to show that if Equation 10 is
satisfied with & flows, adding a (k + 1)th flow with a larger
window size preserves the fairness condition. The key fact
used is that 1/ f(z) and —g(z) are both monotonically non-
increasing, sothat 1/ f(zg41) < 1/f(z;) and —g(zp41) <
—g(xpqr) forall 1 <i < k.

e Case 1: The increase policy increases fairness.
Theorem 7 forms the base case.

Without loss of generality let z; < 25 < ... <z <
k1 = X bethe window sizes of k+1 flows. Suppose
Equation 10 is satisfied with n < k flows. Here, Az =
x/f(z). So we get:

i =
i=1 i=1 f(l'z) i

2

k
:L.Z
T Z 7 (11)

1 =1 v

M?:

Consider n = k + 1. Because zp4+1 = X >

x;, forall 1 <4 < k, and f(-) is monotonically non-
decreasing, we can write

XZ Xl'l

Rewriting, we get

k.
32 X S Xa-a?) (12)

z? X2 .
D fmtrman ®

i=1

Adding Egn. 11 and Egn. 13, adding X 3/ f(X) to both
sides and factoring, we get:

. 2 2 . Ti X
(;x +X> (Z 7o) *W) S

=1

i Fog2 X2
(; i +X> @ ) m)

This is just Equation 10 for n = k + 1. Hence, by
the principle of mathematical induction, Equation 10
holds for any number of flows, n.

e Case 2: The decrease policy increases fairness. The
algebra is exactly the same as above, exceptthat 1/f(+)
is replaced by —g(-), which is also a non-increasing
function.

Since one of f(z) or g(z) is strictly increasing, one of the
two policies Z or D will ensure a strict inequality as re-
quired. [ ]

Note that the previous argument for convergence to ef-
ficiency still holds for the n-flow case and need not be re-
peated again.

It can also be shown that 1-CYRF converges to fairness
for n-flows. The proof is very similar to Theorem 9. The
increase case is exactly the same. In the decrease case, in-
stead of —g(-), we use 1/ f(z) —g(z), which is a decreasing
function as shown above. Thus we have:

Theorem 10 1-CYRF converges to fairness for n > 2
flows.

4.2 Applicationsof CYRF

Epochwise Convergent
227
1-CYRF

B LOG
| 227 i
g:;RF: | J HAD,
oy DECBR SQAT
e o | BINOMIAL
g?m lS'-fGMO.f.D -h_______f/

Figure 1. A classification of window-based
protocols

The first application of CYRF is a “natural” classifica-
tion of window based protocols. Observe that any window
increase or decrease function can be written in the form of
Equation 1. However, if there is a range [z 1, z2] where the
f and g are not monotonic, the function is not CYRF. In
such a case we can construct an increase/decrease step sim-
ilar to Example 1 with window sizes in [z, 23] which de-
creases fairness. Thus CYRF implies stepwise convergence
and vice-versa.

Notice that if f(z), g(x) are monotonically non-
decreasing, so is their product f(x)g(z). Thus if a CYRF
protocol is smooth and 1-responsive (and all important pro-
tocols are), it is also 1-CYRF. Clearly the converse is not
true — Binomial congestion control can be written in terms
of Equation 1:

f(z)=2""/a; g(z) = B!t (14)
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Figure 2. A Smoothness hierarchy through
functions of different orders of magnitude:
g(z) for SQRT, IIAD and LOG

However this is not CYRF for I < 1 because g(x) will then
monotonically decrease. Fortunately, all TCP-friendly Bi-
nomial controls satisfy k + 1 = 1 [2] so that f(z)g(x) =
Bx/o > 1forz > (a/B). Thus TCP-friendly binomial
congestion control is 1-CYRF but not CYRF.

Also, by substituting f(z) = z, and g(z) = 1/2 in
Equation 1, we see that TCP is a special case of CYRF. Sim-
ilarly, GAIMD is also a special case of CYRF (f(z) = z/«,
and g(z) = B).

Figure 1 summarizes the relationships. The rectangles
represent new classes introduced in this work, and the ovals
show known classes. Specific protocols in each class are
given in italics. In particular, LOG and SIGMOID are two
new protocols suitable for streaming media-like applica-
tions [22]. They were developed using the CYRF frame-
work and their design will be the subject of a future paper.
However, we briefly describe LOG in the next section to
provide a concrete example for the use of the CYRF frame-
work.

Observe that SIGMOID is in the class of stepwise con-
vergent protocols wheras LOG is a 1-CYRF protocol and
thus is only epochwise convergent. As the “???” marks in-
dicate, we do not know of any protocols that are 1-CYRF
but not CYRF or protocols that are epoch-convergent but
not 1-CYRF. We believe that TCP-friendly 1-CYRF may
represent the widest class of smooth window-based mem-
oryless binary feedback TCP-friendly congestion control
protocols that always converge to fairness.

CYREF can also be thought of as a framework for analyz-
ing window-based protocols. For example, it follows from
the above discussion that Binomial, GAIMD and TCP con-
verge to fairness and efficiency because they fall within the
CYRF framework.

The third (and main) application envisaged for the CYRF
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Figure 3. The Smoothness hierarchy: cwnd._
variations of (from the top) lIAD, LOG, SQRT
and TCP

framework is the design of new protocols to suit differ-
ent application and network needs, without having to worry
about convergence to efficiency and fairness. The next sec-
tion sketches an example protocol design.

43 LOG

CYREF represents a wide class of window-based proto-
cols. Applications can choose different f(z) and g(z) to
get different window-based protocols. For example, from
Equation 1 it is easy to see that an application that uses a
slowly increasing function for f(z) will be more aggressive
and make full use of network bandwidth as soon as it be-
comes available. Similarly a slowly increasing g(x) results
in a smoother response to congestion indications. We can-
not choose an arbitrarily aggressive increase policy together
with a very smooth decrease policy because of the TCP-
friendliness constraint [14, 15] which requires all flows to
limit their sending rate to that of a comparable TCP flow.
Thus there is a continuum of protocols with different de-
grees of smoothness.

While smoother protocols are better (from the applica-
tion point of view, for streaming media applications), this
is true only in steady-state. Aggressive protocols are also
more responsive protocols and usually have better transient
and dynamic behaviors [3, 26].

Here we trade-off between smoothness and dynamic or
transient behavior by designing a protocol whose properties
are “between” SQRT (k = [ = 0.5ineqgn. 4)and lIAD (k =
1, I = 0), the two non-linear binomial controls studied in
[2]. From Equation 14, we see I1AD is smoother than SQRT
because guap(z) = 1/x is always less than gsorr(z) =
1/y/z.

As shown in Figure 2, by choosing a function that lies
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(b)Normalized throughput (Kb/500ms) of n = 5 LOG and n = 5 TCP flows sharing the bottleneck

between these two, such as g(z) = log(z)/x, we get a new
protocol with intermediate properties. For this to be TCP-
friendly, we need f(z) oc x2/log(z)*. Thus the increase
and decrease policies in Equation 1 become:

T:z(t+ R)
D:z(t+ R)

— z(t) +log(z)/x
+— x(t) — 0.5 xlog(x) (15)

We call this protocol LOG. From fig. 2, we see that just
like 11AD and SQRT, g(z) for LOG is a decreasing func-
tion and hence LOG is only 1-CYRF. The decrease policy
will worsen fairness. However, unlike 11AD or SQRT, g(z)
increases for very small window values; thus LOG is CYRF
in this region. Due to this, it is likely to perform better in
extremely congested situations when the window sizes are
small.

5 Experimental validation

We have implemented CYREF in the ns-2 network simu-
lator® by changing TCP’s congestion avoidance mechanism
to use arbitrary increase or decrease functions. CYRF inher-
its other mechanisms such as slow-start and timeouts from
TCP. We use LOG as an example CYRF protocol to vali-
date the main theoretical results.

Our first setup uses the standard “dumb bell” topology:
a single bottleneck link with a default bandwidth of 10Mb
and a delay of 1ms. RED queues with a maximum queue
size Q maqe €qual to the bandwidth-delay product and max-
imum and minimum drop thresholds at 20 and 80 percent

41t can be shown that for TCP-friendliness we need f(z)g(z) o
x [22].
5Available from http://www.isi.edu/nsnam/ns/

of Qmaz are used. n flows are started at random times in
the first two seconds. All flows use 1Kb packets and satu-
rated senders are simulated by using the FTP application in
ns-2. A random number of Reno TCP flows in the opposite
direction form background traffic.

Fig. 4 (a) shows the scaled cwnd values of 2 compet-
ing LOG flows across the bottleneck and the corresponding
Chiu-Jain-Hawe fairness index F. These results show that
LOG rapidly converges to a value of F near 1 validating that
Theorems 1 and 7 hold in practice too. The repeated instan-
taneous decreases in fairness are because of packet drops
(mostly random RED drops). Note that LOG is a 1-CYRF
protocol and drops invoke the decrease policy which wors-
ens fairness.

Fig. 4 (b) shows the normalized throughputs of n TCP
and n LOG flows sharing the bottleneck link. This shows
that TCP/LOG protocols interact well and experimentally
shows the TCP-friendliness of LOG. We repeated this ex-
periment with LOG/IIAD and LOG/SQRT flows to validate
that different CYRF protocols interact well together. The
results look very similar to the TCP/LOG case above and
are omitted for space reasons.

In the next experiment, we validate the predicted
smoothness for LOG. We use the multiple-bottleneck topol-
ogy shown in Fig. 5 (a) to examine the effect of cross-traffic.
The inter-router links are 10Mb with a delay of 1ms, and
the others are 100Mb with 24ms delay, designed to saturate
the routers. All queues are RED. X-Flowi is the source of
a TCP/Reno cross-flow to X-Sink: that starts at a random
time in the first two seconds. A TCP/Reno flow from TCP
to TCPSink and a LOG flow from LOG to LOGSink are ex-
amined. Fig 5 (b) shows that the congestion window of the
LOG flow varies much more smoothly than TCP and shares
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Figure 5. Multiple-Bottlenecks: (a) Topology, (b) Window size variation of TCP and LOG

the bandwidth effectively. Similar results were obtained for
the dumb-bell topol ogy.

In Section 4.3, it was predicted that LOG would be
smoother than SQRT and less smoother than IIAD because
groa() was between gjjap() and gsorr() (c.f. Fig. 2) SQRT
is expected to be smoother than TCP. To validate this, we
plotted the cwnd_ values of TCP, SQRT, LOG and IIAD
flows in the single bottleneck experiments described above
after giving sufficient time for startup transients to stabi-
lize. Fig. 3 shows the four curves between ¢ = 25s and
t = 50s. As expected, we see a smoothness hierarchy with
the topmost curve (11AD) being the smoothest, and the bot-
tom curve (TCP) the least smooth. It is interesting to note
that LOG falls outside the binomial class of protocols, and
yet it falls “between” I1AD and SQRT.

6 Conclusion

In this paper, we presented CY RF, a novel approach to
protocol design that is designed to convergeto fairness and
efficiency. This allows protocol designersto choose the ap-
propriate response function given the application and net-
work issues at hand, without having to worry about conver-
gence issues. We validated the CYRF results on a sample
protocol called LOG designed using the CY RF framework
to have smoothness properties intermediate to those of two
well-studied binomial congestion control protocols: I1AD
and SQRT.

On the theoretical front, we gave a new intuitive suffi-
cient condition for convergenceto fairness which can easily
be made use of outside the CY RF framework. CY RF itself
includes most well-known window-based protocols as spe-
cial casesand can be used to understand these protocol s bet-
ter. Finaly, we gave a new classification of window-based
protocols based upon the results of this paper.

In afuture paper, we will discuss two new protocols for
streaming media-like applications and show how to make
smooth CY RF protocols TCP-friendly.
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