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Abstract

Flow Theoryis a rich, effectivetheoryintroducedin or-
der to studyreal-timenetworkprotocols.It is basedondis-
cretemathematicsin which a �ow of datais representedby
an in�nite sequenceof numbers andis characterizedby its
upperbounds. Unfortunatelyup to now Flow Theoryhas
useda traf�c characterizationthat in somecasescan be
too loose, thuscausingan inef�cient networkutilization. In
this paperweenhanceFlow Theoryby providing it with a
moreaccuratetraf�c characterizationandwith all thetools
necessaryto dealwith it. Aswewill see, this enhancement
provide a more accurateperformanceevaluationand thus
betternetworkutilization.

Keywords: traf�c modeling,worst-caseanalysis,deter-
ministicapproach,rate-reservationprotocols,MPEG.

1 Intr oduction

Integratedservicenetworkshaveto supporta largenum-
ber of sessionswith different performancerequirements,
andatthesametimeoptimizeresourceutilization. In sucha
scenarioit is of crucialimportanceto achieveareliableper-
formanceevaluationfor eachsessionin termsof end-to-end
delayandlossrate.

To thisend,two approachesarepossible:oneis stochas-
tic, theotheris deterministic.

The stochasticapproachis basedon modelingthe traf-
�c from eachsessionby meansof stochasticprocessessuch
asMarkov-basedprocesses(e.g. [10]) or self-similarpro-
cesses(e.g. [1]), and, in general,leadsto methodologies
whicharetoocomplex to beutilizedin real-timeprocedures
suchascall admissioncontrol (CAC). Moreover, it is ex-
tremelyhardto verify whethera traf�c sourceis respecting
the statisticalcharacterizationit declaredat the call set-up
time, andit is thereforevery dif�cult to implementa suit-
ablepolicingmechanism.

The deterministicapproachwas introducedby Cruz in
[3] [4]. This approachdoesnot try to match the traf�c
sourcebehavior, but simply wants to bind it, that is, it
takescareof the worst case. Obviously by using this ap-
proach,asfor examplein [12] [9] and[6], we canonly ob-
tain upperboundsof thequality of serviceparameters,but
the relatedmethodologiesfor performanceevaluationare
computationallymuchsimplerthanthoseachievedwith the
stochasticapproachandthusaremoresuitablefor real-time
applications.

Flow Theory, basedonadeterministicapproach,wasin-
troducedin [2] with the aim of studyingrate reservation
protocolsin networksof arbitrarytopology. In eachof these
protocols,at the connectionset-uptime, the userrequests
suitablequality of serviceparametersto be guaranteedby
the network and characterizesits behavior; then the net-
work evaluatestheamountof resourcesneededto provide
theabovequalityof serviceand,if they areavailable,estab-
lishestheconnection.

The main merit of Flow Theory, as comparedto other
performanceanalysismethodologiesusinga deterministic
approach[3] [4] [12] [9] [6], is thatit allowsreal-timeproto-
cols,aswell as�rst-come-�rst-servedprotocols,to bemod-
eledandstudied.

However, in [2] sourcecharacterizationis givenin terms
of the highestaveragearrival rate in intervals of only one
given length,and thereforemay be too rough in the case
of traf�c sourcescharacterizedby burstinessin several
timescales( MPEG,for anexample),consequentlyit could
leadto anoverestimationof theamountof resourcesneeded
by eachsessionandthusto badnetwork ef�ciency.

For the above reason,in this paperwe provide Flow
Theorywith a moreaccuratetraf�c modelwhich, accord-
ing to Knightly and Zhang's D-BIND model [9], consid-
ers the highestaveragearrival rate in intervals of several
given lengths. Moreover, we develop the tools neededto
dealwith this new traf�c modeland �nally we prove that
by usingthemwe canachieve a moreaccurateworst-case
performanceevaluationandthusbetternetwork utilization.



Therestof thepaperis organizedasfollows. In Section
2 we reportthede�nition of �o w andof its maintwo prop-
erties- i.e. smoothnessanduniformity - introducedin [2].
In Section3 werecallthede�nition of �o w operatorandwe
describethemainspeci�c �o w operators.In Section4 the
de�nition of linearnetwork is reported.In Section5 we in-
troducea moreaccuratetraf�c characterizationandextend
Flow Theoryin orderto dealwith it. In Section6, through
a casestudy, we demonstratethepowerof our approachby
comparingthe upperboundsfor the performanceparame-
tersachievableusingthe original Flow Theorywith those
achievableusingour enhancement.Finally in Section7 we
presentour conclusions.

2 Flows

A �ow � is anin�nite sequenceof nonnegativerealnum-
bers �����������	��
��
����� . In a slotted-timeenvironment ��� could
representthenumberof bits (or cells)from a sessionenter-
ing a network elementat the

�

-th time instant.
A �o w � is ���

����� -uniform,in which � is apositivereal
number, if in any timeintervalof length� theaveragevalue
of � is lower thanor equalto � ; formally:
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Now, let usdivide thetemporalaxis into contiguousin-
tervalsof length � ; a �o w � is �2�

����� -smooth,in which �

is a positive realnumber, if theaveragevalueof � is lower
thanor equalto � in eachof theaboveintervals;formally:
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Let usexplicitly observethatin bothcasesthemeanrate
of the�o w is at most � .

The relationshipbetweensmoothnessanduniformity is
givenby Theorem1 in [2]:

Theorem1 : Let � bean ���

����� -smooth�o w, and ��< be
an ���

���=� -uniform �o w.

1. For any >

�

>+?

/ ,

a) � is @ >
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�

#

��I -uniform.

b) �J< is @ >

�

AK>CB��EDL#����MBJ>

�

#

��I -uniform.

2. For any > multiple of � ,

a) � is �2>

����� -smooth.

b) �J< is �2>

����� -uniform.

3. For any N largerthanor equalto � ,

a) � is �2�

�

N

� -smooth.

b) �J< is �2�

�

N

� -uniform.

Corollary 1 : � is ���

�:0

#

��� -uniform and ��< is ���

����� -
smooth.

Thesecondpartof Corollary1 statesthatuniformity is a
strongerpropertythansmoothness;in fact the �rst implies
thesecond.Unfortunatelythesecondis easierto assess,as
is requiredin real-timecontroloperationslike traf�c polic-
ing. In fact,enforcingsmoothnessrequiresJumpingWin-
dow algorithms,while enforcinguniformity requiresmore
complex algorithmssuchasExponentiallyWeightedMov-
ing Average(EWMA) [11] [5]. For this reason,althougha
traf�c characterizationin termsof uniformity shouldpermit
moreef�cient resourceutilization, we will dealwith both
smoothnessanduniformity.

3 Flow operators

While passingthrougheachof the network elements,
traf�c �o wsarereshaped;in orderto modelthisoccurrence,
in [2] theconceptof �o w operatoris introduced.

In generala �ow operator is an operatormanipulating
�o ws.
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b

Figure 1. Flow Operator

As in Fig. 1, a �o w operatorcanbe representedby an
input �ow � , an output �ow O , anda third internal �o w P

whichwewill referto asbuffer �ow ; atthegenericslot
�

, the
�o w operatorinputs �

� , outputsO

� andstorestheremainder
in theinternalbuffer, thatis:
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(�ow conservationproperty).
The buffer capacity V of a �o w operatorwith respect

to the input �o w � is de�ned asthehighestvaluetakenby
P

� . The delay W of a �o w operatorwith respectto the in-
put �o w � is thesmallestnonnegativeintegersatisfyingthe
following condition:
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In a network environment,both the buffer capacityand
thedelayof a�o w operatorcanbeseenasqualityof service
(QoS)parameters.Let us explicitly observe that they are
de�ned asupperboundsof both the buffer occupancy and
thedelaysufferedby thebits (or cells)enteringa network
element.



Therelationshipbetweenthebuffer capacityandthede-
lay of any �o w operatoris statedby thefollowing theorem:

Theorem2 : Considerany �o w operatorwhoseinput is
�2�

����� -uniform. Let V denotethe buffer capacityof this
operator, and W denoteits delay. Then:
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In [2] anumberof �o w operatorsareintroduced,namely
limiters, compactors,expanders,�lters, delayers,mergers,
splittersandseparators.

Let � bea positive realnumber. An � -limiter is a �o w
operatorthatat eachslot inputsan input �o w elementand
outputsthemostit is allowedby theconservationproperty
but nomorethan � :
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Let � be a positive integer. An � -compactoris a �o w
operatorthataccumulatestheinput �o w in its buffer during
an interval of � time instants,andthenoutputsthe buffer
contentsin the �rst time instantof the next interval. For-
mally:
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Let � be a positive integer. An � -expanderis a �o w
operatorthatmayoutputany valueateachtime instantpro-
vided the �o w conservation propertyis satis�ed. In addi-
tion, to guaranteeaboundeddelay, theentirebuffer content
is transferredto theoutput�o w every � time instants.For-
mally:
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whereeach�

� is a realnumberin theclosedinterval @

,.�
/
I .
Let � beapositiverealnumber. An � -�lter is a �o w op-

eratorthatat eachtime instantmayoutputany valueequal
to or greaterthan � , provided that the �o w conservation
propertyis not violated.Formally:
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where � is a realnumberin theinterval @
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explainbetterhow an � -�lter operates,let usconsideran � -
limiter, andlet � bethe�o w enteringboththe � -limiter and

� -�lter . The above condition is respectedif at eachtime
instant

�

the sumof the �rst
�

elementsof the output �o w
of the � -�lter is greaterthanor equalto the�rst

�

elements
of theoutput�o w of the � -limiter. Formally, if we call the
buffer �o w of the � -�lter P
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where�

� is a realnumberin theclosedinterval @

,.�
/ I .
A � -delayer, where � is a positive integer, is a �o w op-

eratorthatdelaysits input �o w in anarbitrarymannerby at
most � timeinstants.A � -delayercanbede�nedrecursively
asa ���

S9/�� -delayerfollowedby a1-delayer. Theoperation
of a1-delayeris:
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where�

� is a realnumberin theclosedinterval @

,.�
/ I .
Moreover, in [2] in orderto be ableto constructa �o w

operatornetwork with anarbitrarytopology, some�o w op-
eratorswith multiple inputsor multipleoutputsarede�ned.

A merger is a �o w operatorwith two input �o ws, � and
� , andoneoutput�o w, O . At eachtime instantit outputsthe
sumof its two inputsat thatinstant.Formally:
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Let X bea realnumberin theclosedinterval @

,8��/ I . An
� -splitter is a �o w operatorwith oneinput �o w � andtwo
output �o ws, O and � , which at eachtime instantsplits its
inputbetweenits two outputswith aratioof � and �
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A separator is a�o w operatorwith oneinput�o w, � , and
two output�o ws, O and � ; it splitsits inputbetweenthetwo
outputswith a ratio chosenarbitrarily at eachtime instant.
Formally:
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where�

� is a realnumberin theclosedinterval @
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/ I .

4 Linear Networks

A combinationof �o w operatorscanbe usedto model
data transmissionin a network [2]. For example, in the
Stop-and-Goprotocol,time is partitionedinto consecutive
periodsof equaldurationcalledframes.Eachcomputerin-
volved in a sessionbuffers all the datapackets that it re-
ceivesin oneframeandthenforwardsthesepacketsin the
next output frame. The protocolmakesno guaranteeson
how thepacketsareto bearrangedin theoutputframe;for
this reasoneachcomputeron thepathcanbemodeledasa
sequenceof an � -compactorandanm -expander, where�



is the numberof time instantsconstitutinga frame. Like-
wise it couldbedemonstratedthat in Hierarchical Round-
Robinprotocolseachcomputerbelongingto a sessioncan
bemodeledasasequenceof an � -limiter, anm-compactor
andan � -expander, where� is thenumberof time instants
in eachroundand � #

� is the maximumnumberof data
packetsthatthecomputercanforwardalongtheconnection,
andthat in TimestampProtocolseachcomputerbelonging
to the pathof a sessioncanbe representedasa sequence
of an � -�lter and a �

�

B

�

F

�

�����

B��

� -delayer, where
�

is the maximumpacket size of the session,� is the rate
reservedby thecomputerfor thesession,

�

����� is themax-
imum packet sizeoverall thesessionswhosepathincludes
thecomputerand � is therateof theoutputlink.

In orderto modelsequencesof �o w operators,in [2] lin-
earnetworksareintroduced.A �nite sequenceof �o w op-
erators �	�

� �

�

� �
�������
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�
� is a linear networkif for each
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,
, !

���
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S / , the output�o w of �

� is the input �o w of
�

�

�

� . The input �o w of �

� is the input �o w of the linear
network andthe output�o w of ��


�

� is the output�o w of
thelinearnetwork.
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Figure 2. Linear Network ���

���
�

As an example,considera linear network �	�

���
� of two

�o w operators� and � , asshown in Fig. 2: the input �o w
of thenetwork is � , theoutput�o w is � ; thebuffer �o w � of
thewholenetwork canbede�ned as:
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where�

�

� Q , .
Oncethe buffer �o w of a linear network is de�ned, the

de�nitions of its buffer capacityanddelayarestraightfor-
wardandthefollowing theoremcanbeproved:

Theorem3 : Let � betheinput �o w and O theintermedi-
ate�o w of a linearnetwork ���

���
� with theoperators� and

� .

1. if thebuffer capacityof � with respectto � is at most
V

3	�

4

, thebuffer capacityof � with respectto any inter-
mediate�o w O is atmost V

3��

4

, andthebuffer capacity
of thenetwork ���

���
� with respectto � is � , then:
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2. if thedelayof � with respectto � is at most W
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, the
delayof � with respectto any intermediate�o w O is
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For aparticularlinearnetwork thefollowing resultswere
obtainedin [2]:

Theorem4 : Let � be an � -expander, and � and � be
� -compactors.If theinput �o w to thelinearnetwork �	�

��� �

is the sameasthe input �o w of � , thenthe output�o w of
���

��� � is thesameastheoutput�o w of � .
Theorem5 : Let � and � be two � -�lters. If the input

�o w of � is thesameastheinput �o w of thelinearnetwork
���

��� � , theneveryoutput�o w of � is anoutput�o w of ���

��� �

andvice versa.
Theorem 6 : Let � be a � -delayer, and let � and � be

� -�lters. If the linear networks ���

��� � and ���

�

�

� have the
sameinput �o w:

1. any output �o w of ���

��� � is also an output �o w of
���

�

�

� ,

2. the buffer capacityof ���

�

�

� is at most the buffer ca-
pacityof � plus � #

� .

5 Extending Flow Theory

In thissectionweextendFlow Theoryin orderto provide
for moreparsimonialresourcemanagement.We �rst intro-
ducea new traf�c characterizationin which traf�c bounds
aregiven in intervalsof several lengths,thenwe adaptthe
resultsobtainedin [2] to this moreaccuratetraf�c charac-
terization.
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real numbers.We will saythata �o w � is *
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1 -uniform
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�

� -uniform for each& . Let usstressthat this
secondcharacterizationin termsof uniformity can be re-
gardedasadiscrete-timeversionof theD-BIND model[9].
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As in [9], we de�ne a monotonicincreasingfunction
P
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As we will seelater, P
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�2>

� playsa crucial role in per-
formanceevaluation;so, althoughtherearean in�nity of
functionsboundinga �o w, thelower the P

3�"

4

�2>

� values,the
moreaccuratethe modelandthusthe greaterthe resource
utilization.



It could be proved that if a �o w � is *
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and �'���

� indicatesthe Dirac function in the discrete-time
domainde�ned as:
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Moreover, if a �o w � is *
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Oncewe have bounded�o ws with respectto this new

characterization,the following theorems,extendingthere-
sultspresentedin [2], canbeproved:

Theorem 7 : If the input �o w � of an N -limiter is
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whereP
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� is thedeterministic�o w constraintof the�o w
� obtainedby using(19) and(20) (or (22)and(23)).

Theorem 8 : If the input �o w � of an > -compactoris
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� .

Theorem 9 : If the input �o w � of an > -expanderis
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Theorem 10 : If the input �o w � of an N -�lter is
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Theorem 11 : For a merger if an input �o w is
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Theorem 12 : For an X-splitter, if the input �o w is:
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Theorem 13 : For a separator, if the input �o w is
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6 Casestudy

In thissectionwedemonstratethatourextensionto Flow
Theoryis very useful in casesin which the traf�c sources
we arestudyingarecharacterizedby burstinessonmultiple
time scales.As an examplewe will dealwith an MPEG-
videosourcewhich, becauseof theparticularcodingtech-
nique,givesa typicalcaseof traf�c with burstinessonmul-
tiple scales.



ThebasicideabehindMPEGis, in fact, to remove spa-
tial redundancy within a video frameandtemporalredun-
dancy betweensubsequentvideo frames[8] [7] and,asa
consequence,thecoderoutputisadeterministicperiodicse-
quencecalledGroupof Pictures(GoP)achievedwith three
typesof codedframes:

� I-frames, which are coded using only information
presentin the picture itself, in order to provide po-
tential randomaccesspoints in compressedvideo se-
quences.The coding is basedon the discrete-cosine
transformaccordingto theJPEGcodingtechnique;

� P-frames, which arecodedusinga codingalgorithm
similar to theoneusedfor I-frames,but with theaddi-
tion of motioncompensationwith respectto theprevi-
ousI- or P- frame(forwardprediction);

� B-frames, which arecodedwith motioncompensation
with respectto thepreviousI- or P-frame,andthenext
I- or P-frame,or an interpolationbetweenthem(bidi-
rectionalprediction).

A widely-usedGoPstructure,which we usein this case
study, is constitutedby 12 framesalternatedas follows:
IBBPBBPBBPBB. Typically, I-frames require more bits
thanP-frames,while B-frameshave the lowestbandwidth
requirement.For this reasonthe burstinessof an MPEG-
videotraf�c sourcestronglydependson theobservationin-
terval. In fact in an interval aslong asa GoPthepresence
of threeP-framesandeightB-frameswill smooththepeak
dueto theI-frame. If we consideraninterval aslong asthe
timecoveredby threeframes,thepossiblepresenceof anI-
framewill besmoothedonly by two B-framesandwe will
thereforehave an higheraveragevaluethanin the caseof
GoPlong intervals.

For thesereasons,an MPEG-videotraf�c tracecanbe
characterizedby its upperboundsin GoP-longintervals,in
three-frame-longintervalsandin one-frame-longintervals.

Let us apply the above sourcecharacterizationto an
MPEG-videotraceof ”TheSimpsons”.

Along with the de�nition in Section5, the Simpsons
traceis: *
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smooth,where

�

indicatesthenumberof timeinstantscov-
eredbyaframeinterval. In Fig. 3weshow thedeterministic
�o w constraintfunctionevaluatedasin Section5.

In Figs.4 and5,weshow theupperboundsfor thebuffer
capacityandthe delayrespectively, achievedusingthe re-
sultswe obtainedin thelastsectionfor an � -limiter versus
thevalueof � (solid lines),comparedwith thoseobtained
usingtheresultspresentedin [2] (dashedlines).

As canbeobservedby usingourextensionto Flow The-
ory, for thesamevalueof � we get smallerupperbounds
for delayandbuffer capacity:this meansthatwe know that
lessbandwidthis neededto guaranteea certainmaximum
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Figure 3. Deterministic constraint �o w func­
tion

buffer capacityanddelayin thesessionandthereforebetter
resourceutilizationcanbeachieved.

Analogously, in Figs. 6 and 7 we comparethe upper
boundsfor the buffer capacityachievable using our ex-
tension(solid lines) and using [2] (dashedlines) for an

� -compactorand an � -expander, respectively, when �

varies. Thereagain,by usingour extensionsmallervalues
arefound for theupperboundsof thebuffer capacity. We
do not present�gures referringto delaybecauseby using
the two methodologiesfor both the � -compactorand the

� -expanderthemaximumdelayis always � .
Let us explicitly observe that in eachof the above �g-

uresall the valuesfor the upperboundsrelatedto the re-
sults in [2] have beenevaluatedas the minimum of the
upper boundsachievable by consideringthe three traf-
�c �o w parametercharacterizationsseparately, namely,

�

/
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�
/���������� � -smooth, ��	 #

�

���

	

� �
��� � -smoothand �

/�0

#

�

�����.� � 0�� � -smooth.

7 Conclusions

In this paper, in order to achieve ef�cient resourceuti-
lization, we have enhancedFlow Theory, extendingits re-
sultsin a framework in whichamoreaccuratetraf�c model
is used.

More speci�cally, we have re�ned thesourcemodelby
characterizingtraf�c in termsof smoothnessanduniformity
in morethanoneinterval, andwe have providedthetheory
with all thetoolsnecessaryto studyreal-timeprotocolsfor
networkswith anarbitrarytopologywhentheabove traf�c
characterizationis used.

Througha casestudywe have shown that by usingour
extensionit is possibleto achievesmallerupperboundsfor
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Figure 4. Upper bounds for the buff er capacity
of an � ­limiter versus the value of � achiev­
able using our extension (solid line) and [2]
(dashed line)

quality of serviceparameters,suchasbuffer capacityand
delay, thanthoseachievableusingthe theorypresentedin
[2], thuspermittingbetterresourcemanagement.
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Figure 6. Upper bounds for the buff er capac­
ity of an � ­compactor versus the value of
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Figure 7. Upper bounds for the buff er capac­
ity of an � ­expander versus the value of �
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