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Abstract

Flow Theoryis arich, effectivetheoryintroducedin or-
derto studyreal-timenetworkprotocols.It is basedon dis-
cretemathematicsn which a ow of datais representedy
anin nite sequenc®f numbes andis characterizedby its
upperbounds. Unfortunatelyup to now Flow Theoryhas
useda traf ¢ characterizationthat in somecasescan be
tooloose thuscausingan inef cient networkutilization. In
this paperwe enhance~low Theoryby providing it with a
more accuratetraf ¢ characterizationandwith all thetools
necessaryo dealwith it. Aswewill see thisenhancement
provide a more accurate performancesvaluationand thus
betternetworkutilization.

Keywords: traf c modeling,worst-caseanalysis,deter
ministic approachrate-reserationprotocols MPEG.

1 Intr oduction

Integratedservicenetworkshaveto supportalargenum-
ber of sessionswith different performancerequirements,
andatthesameime optimizeresourceautilization. In sucha
scenariat is of crucialimportanceo achieve areliableper
formanceevaluationfor eachsessiorin termsof end-to-end
delayandlossrate.

To thisend,two approachearepossible:oneis stochas-
tic, theotheris deterministic.

The stothasticapproachs basedon modelingthe traf-
¢ from eachsessiorby meanof stochastigprocessesuch
asMarkov-basedorocessese.g. [10]) or self-similarpro-
cessege.g. [1]), and,in general,leadsto methodologies
whicharetoocomplecto beutilizedin real-timeprocedures
suchas call admissioncontrol (CAC). Moreover, it is ex-
tremelyhardto verify whetheratraf c sourceis respecting
the statisticalcharacterizatiornt declaredat the call set-up
time, andit is thereforevery dif cult to implementa suit-
ablepolicingmechanism.

The deterministicapproachwas introducedby Cruzin
[3] [4]. This approachdoesnot try to matchthe trafc
sourcebehaior, but simply wantsto bind it, that is, it
takes careof the worst case. Obviously by using this ap-
proach,asfor examplein [12] [9] and[6], we canonly ob-
tain upperboundsof the quality of serviceparametershut
the relatedmethodologiedor performanceevaluationare
computationallynuchsimplerthanthoseachievedwith the
stochasti@pproachkandthusaremoresuitablefor real-time
applications.

Flow Theory basednadeterministicapproachwasin-
troducedin [2] with the aim of studyingrate resenation
protocolsin networksof arbitrarytopology In eachof these
protocols,at the connectionset-uptime, the userrequests
suitablequality of serviceparameterso be guaranteedy
the network and characterizests behaior; thenthe net-
work evaluateghe amountof resourcemeededo provide
theabove quality of serviceand,if they areavailable,estab-
lishesthe connection.

The main merit of Flow Theory ascomparedo other
performanceanalysismethodologiesising a deterministic
approachi3] [4] [12] [9] [6], is thatit allowsreal-timeproto-
cols,aswell as rst-come- rst-servedprotocolsto bemod-
eledandstudied.

However, in [2] sourcecharacterizatioiis givenin terms
of the highestaveragearrival ratein intervals of only one
given length, and thereforemay be too roughin the case
of trafc sourcescharacterizedby burstinessin several
timescaleg MPEG, for anexample),consequentlyt could
leadto anoverestimatiorof theamountof resourceseeded
by eachsessiorandthusto badnetwork ef ciency.

For the abore reason,in this paperwe provide Flow
Theorywith a moreaccuratetraf c modelwhich, accord-
ing to Knightly and Zhangs D-BIND model[9], consid-
ersthe highestaveragearrival rate in intervals of several
givenlengths. Moreover, we develop the tools neededo
dealwith this new trafc modeland nally we prove that
by usingthemwe canachie/e a more accuratewvorst-case
performancevaluationandthusbetternetwork utilization.



Therestof the paperis organizedasfollows. In Section
2 we reportthede nition of o w andof its maintwo prop-
erties- i.e. smoothnessnduniformity - introducedin [2].
In Section3 werecallthede nition of o w operatoandwe
describethe main speci ¢ o0 w operators.In Section4 the
de nition of linearnetwork is reported.In Section5 we in-
troducea moreaccuratdrafc characterizatiomndextend
Flow Theoryin orderto dealwith it. In Section6, through
a casestudy we demonstratéhe power of our approactby
comparingthe upperboundsfor the performanceparame-
tersachievable using the original Flow Theorywith those
achievableusingour enhancementinally in Section7 we
presenbur conclusions.

2 Flows

A ow isanin nite sequencef nonngatverealnum-
bers . In a slotted-timeervironment  could
representhe numberof bits (or cells)from a sessiorenter
ing anetwork elementatthe -th time instant.

A ow is -uniform,in which isapositivereal
numberif in any timeinterval of length  theaveragevalue
of islowerthanorequalto ;formally:

1)

Now, let usdivide thetemporalaxisinto contiguousn-
tenalsof length ;aow is -smooth,n which
is a positive realnumber if the averagevalueof is lower
thanor equalto  in eachof theaboveintervals;formally:

(2)

Let usexplicitly obserethatin bothcasegshemeanrate
of the o w is atmost

The relationshipbetweensmoothnesanduniformity is
givenby Theoreml in [2]:

Theoeml: Let bean -smoothow, and be
an -uniform o w.
1. Forary ,
a) is -uniform.
b) is -uniform.
2. Forary multipleof
a) is -smooth.
b) is -uniform.
3. Forary largerthanor equalto
a) is -smooth.
b) is -uniform.

Corollary 1: is -uniformand is -
smooth.

Thesecondartof Corollary 1 stateghatuniformity is a
strongemropertythansmoothnessn factthe rst implies
the second.Unfortunatelythe seconds easiernto assessas
is requiredin real-timecontroloperationdik e traf ¢ polic-
ing. In fact, enforcingsmoothnessequiresJumpingWin-
dow algorithms,while enforcinguniformity requiresmore
comple algorithmssuchasExponentiallyWeightedMov-
ing Average(EWMA) [11] [5]. For thisreasonalthougha
traf ¢ characterizatiom termsof uniformity shouldpermit
more ef cient resourceutilization, we will dealwith both
smoothnesanduniformity.

3 Flow operators

While passingthrough eachof the network elements,
trafc o wsarereshapedn orderto modelthisoccurrence,
in [2] theconcepibf o w operatoiis introduced.

In generala ow opefator is an operatormanipulating

o Ws.

A4
o
v

Figure 1. Flow Operator

As in Fig. 1, a ow operatorcanbe representedby an
input ow , anoutput ow , anda third internal ow
whichwewill referto asbuffer ow ; atthegenericslot , the
0 W operatotinputs , outputs andstorestheremainder
in theinternalbuffer, thatis:

(3)

where , andin orderfor , to
holdfor ary ( ow conservatiorproperty).
The buffer capacity of a ow operatorwith respect
to theinput ow is de ned asthe highestvaluetaken by
. Thedelay of a ow operatomwith respectto thein-
put ow isthesmallesthonngative integersatisfyingthe
following condition:

(4)

In a network ernvironment,both the buffer capacityand
thedelayof a 0 w operatorcanbe seemasquality of service
(QoS) parameters.Let us explicitly obsere thatthey are
de ned asupperboundsof both the buffer occupang and
the delaysufferedby the bits (or cells) enteringa network
element.



Therelationshipbetweerthe buffer capacityandthe de-
lay of any o w operatoris statedoy thefollowing theorem:
Theoem?2 : Considerary o w operatorwhoseinput is
-uniform. Let denotethe buffer capacityof this
operatorand denoteits delay Then:

()

In [2] anumberof o w operatorsareintroducedpamely
limiters, compactorsexpanders, lters, delayersmeigers,
splittersandseparators.

Let beapositiverealnumber An -limiterisa ow
operatorthat at eachslot inputsaninput o w elementand
outputsthe mostit is allowed by the conseration property
but no morethan

if
it (6)

Let beapositiveinteger An -compactorisa ow
operatoithataccumulatetheinput o w in its buffer during
aninterval of  time instants,andthenoutputsthe buffer
contentsin the rst time instantof the next interval. For-
mally:

if mod
if mod

(7)

Let beapositiveinteger An  -expanderisa ow
operatothatmayoutputary valueat eachtime instantpro-
videdthe o w conseration propertyis satis ed. In addi-
tion, to guarante@boundedielay the entirebuffer content
is transferredo the output o w every  timeinstants.For-

mally:

if mod

if mod (8)
whereeach s arealnumberin theclosedinterval

Let beapositiverealnumber An -lter isa ow op-
eratorthatat eachtime instantmay outputary valueequal
to or greaterthan , provided thatthe o w conseration
propertyis notviolated. Formally:

if
it 9)

where is arealnumberin theinterval . To

explainbetterhow an - Iter operatesietusconsidean -

limiter, andlet bethe o w enteringboththe -limiter and

- lter. The above conditionis respectedf at eachtime

instant thesumof the rst elementsf the output ow

of the - lter isgreaterthanor equalto the rst elements
of theoutput o w of the -limiter. Formally, if we call the
buffer o w of the - Iter andthatof the -limiter

(10)
where isarealnumberin theclosedinterval
A -delayer where is a positive integer, isa o w op-
eratorthatdelaysits input o w in anarbitrarymannertby at
most timeinstantsA -delayercanbede nedrecursvely
asa -delayerfollowedby a 1-delayer Theoperation
of al-delayers:

(11)

where isarealnumberin theclosedinterval
Moreover, in [2] in orderto be ableto constructa o w
operatometwork with anarbitrarytopology, some o w op-
eratorswith multiple inputsor multiple outputsarede ned.
A memger is a o w operatomwith two input ows, and
, andoneoutput o w, . At eachtimeinstantit outputsthe
sumof its two inputsat thatinstant.Formally:

(12)

Let X bearealnumberin the closedinterval . An

-splitteris a o w operatorwith oneinput ow andtwo
output ows, and , which at eachtime instantsplits its
inputbetweernts two outputswith aratioof and
Formally:

(13)

A sepaatorisa o w operatowith oneinput ow, , and
two output ows, and ; it splitsits input betweerthetwo
outputswith aratio chosenarbitrarily at eachtime instant.
Formally:

(14)

where is arealnumberin theclosedinterval

4 Linear Networks

A combinationof o w operatorscanbe usedto model
datatransmissionin a network [2]. For example,in the
Stop-and-Grotocol, time is partitionedinto consecutie
periodsof equaldurationcalledframes.Eachcomputerin-
volved in a sessionbuffers all the datapaclketsthatit re-
ceivesin oneframeandthenforwardsthesepacletsin the
next outputframe. The protocol makes no guaranteesn
how the pacletsareto be arrangedn the outputframe;for
this reasoreachcomputeron the pathcanbe modeledasa
sequencefan -compactoandanm -expandeywhere



is the numberof time instantsconstitutinga frame. Like-
wiseit could be demonstratethatin Hierarchical Round-
Robinprotocolseachcomputerbelongingto a sessiorcan
bemodeledasasequencef an -limiter, anm-compactor
andan -expanderwhere isthenumberof timeinstants
in eachroundand is the maximumnumberof data
pacletsthatthecomputercanforwardalongtheconnection,
andthatin TimestampProtocolseachcomputerbelonging
to the path of a sessioncanbe representedsa sequence

of an -lter anda -delayer where
is the maximum paclet size of the session, is the rate
resenedby thecomputerfor the session, is the max-

imum pacletsizeover all the sessionsvhosepathincludes
thecomputerand is therateof theoutputlink.

In orderto modelsequencesf o w operatorsin [2] lin-
earnetworksareintroduced.A nite sequencef ow op-
erators is a linear networkif for each ,

, theoutput ow of is theinput ow of

. Theinput ow of s theinput ow of thelinear

network andthe output o w of is the output o w of
thelinearnetwork.

f g
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Figure 2. Linear Network
As an example,considera linear network of two

ow operators and , asshavnin Fig. 2: theinput ow
of thenetworkis ,theoutput ow is ;thebuffer ow of
thewholenetwork canbede ned as:

(15)

where
Oncethe buffer o w of alinear network is de ned, the
de nitions of its buffer capacityand delay are straightfor
wardandthefollowing theoremcanbe proved:
Theoem3: Let betheinput ow and theintermedi-
ate ow of alinearnetwork with the operators and

1. if the buffer capacityof with respecto is at most
, thebuffer capacityof with respecto ary inter-

mediateow is atmost , andthebuffer capacity

of thenetwork with respecto is , then:
(16)
2. if thedelayof with respecto is atmost , the

delayof with respectto ary intermediateow is

atmost , andthe delayof the network with

respecto is ,then:

(17)

For aparticulardinearnetwork thefollowing resultswere
obtainedn [2]:
Theoem4 : Let bean -expanderand and be
-compactorslf theinput o w to thelinearnetwork
is the sameasthe input ow of , thenthe output o w of
is thesameasthe output o w of
Theoem5: Let and betwo -lters. If theinput
owof isthesameastheinput o w of thelinearnetwork
, theneveryoutput o w of isanoutput o w of
andvice versa.
Theoem6 : Let bea -delayer andlet
- Iters. If thelinear networks and
samenput o w:

and be
have the

1. ary output ow of is also an output ow of

2. the buffer capacityof is at mostthe buffer ca-

pacityof plus
5 Extending Flow Theory

In thissectionwe extendFlow Theoryin orderto provide
for moreparsimoniakesourcenanagementWe rst intro-
ducea new trafc characterizatiorin which trafc bounds
aregivenin intenvals of severallengths,thenwe adaptthe
resultsobtainedin [2] to this moreaccuratdrafc charac-
terization.

Let be

, andlet

real numbers.We will saythata ow is
-smoothif it is -smooth for each .
Analogouslyit will be -uniform
if it is -uniform for each . Let usstresgthatthis
secondcharacterizationn termsof uniformity can be re-
gardedasadiscrete-timeversionof the D-BIND model[9].

Let with be the sum of the ele-
mentsofa ow fromthetimeinstant tothetimeinstant

positive integers such that
be positive

(18)

As in [9], we de ne a monotonicincreasingfunction
as a deterministic ow constaint function of
if is a boundingfunction of the ow , thatis,
and .

As we will seelater, playsa crucialrole in per
formanceevaluation; so, althoughtherearean in nity of
functionsboundinga o w, thelowerthe valuesthe
more accuratehe modelandthusthe greaterthe resource
utilization.



It could be proved thatif a ow is
-smoothit canbe boundedoy the function:

(19)
where:
if
if
if
if
and
if
(20)
and indicatesthe Dirac function in the discrete-time
domainde ned as:
if
otherwise (21)
Moreover, if a ow is -
uniformit canbe boundedoy the function:
(22)
where:
if
if
if
if
(23)

Oncewe have bounded o ws with respectto this new
characterizationthe following theoremsgxtendingthe re-
sultspresentedh [2], canbe proved:

Theoem 7 : If the input ow of an -limiter is

-smooth(or uniform), then

1. Theoutput ow is -uniform,

2. The output ow is -
smooth(or uniform),

3. Thebuffer capacityis atmost

4. Thedelayis at most:

where isthedeterministico w constrainbf the o w
obtainedby using(19) and(20) (or (22) and(23)).
Theoem8 : If theinput ow of an -compactoris
-smooth(or uniform):

1. Theoutput ow is -uniform
2. Thebuffer capacityis at most ,
3. Thedelayis atmost .

where is thedeterministico w constrainbf the o w

Theoem 9 : If theinput ow of an -expanderis
-smooth(or uniform):

1. Theoutput ow is -smooth
2. Thebuffer capacityis at most ,

3. Thedelayis atmost .

where is thedeterministico w constrainbf the o w

Theoem 10 : If the input ow of an -lter is
-smooth(or uniform), then

1. Thebuffer capacityis at most

2. Thedelayis atmost

Theoem 11 : For a memer if an input ow is
-smooth (or uniform) and the
otheris -smooth(or uniform),

thenthe output ow is -
smooth(or uniform).
Theoem 12 : For an X-splitter, if the input ow is:
-smooth(or uniform), thenthe
rst output ow is -smooth
(or uniform) and the other is
-smooth(or uniform).
Theoem 13 : For a separatar if the input ow is
-smooth(or uniform), thenboth
the output o ws are -smooth(or

uniform).

6 Casestudy

In this sectiorwe demonstratéhatour extensionto Flow
Theoryis very usefulin casesn which thetrafc sources
we arestudyingarecharacterizedy burstinesson multiple
time scales. As an examplewe will dealwith an MPEG-
video sourcewhich, becausef the particularcodingtech-
nigue,givesatypical caseof traf ¢ with burstineson mul-
tiple scales.



ThebasicideabehindMPEGis, in fact,to remove spa-
tial redundang within a video frame andtemporalredun-
dangy betweensubsequentideo frames[8] [7] and,asa
consequencdhecoderoutputis adeterministiqeriodicse-
guencecalledGroup of Pictures(GoP)achievedwith three
typesof codedframes:

I-frames which are coded using only information
presentin the picture itself, in orderto provide po-
tential randomaccesgointsin compressedideo se-
guences.The codingis basedon the discrete-cosine
transformaccordingto the JPEGcodingtechnique;

P-frames which are codedusing a coding algorithm
similarto the oneusedfor I-frames,but with the addi-
tion of motioncompensatiomwith respecto the previ-
ousl- or P-frame (forwardprediction);

B-frames which arecodedwith motioncompensation
with respecto the previousl- or P-frame andthe next
I- or P-frame,or aninterpolationbetweerthem (bidi-
rectionalprediction).

A widely-usedGoPstructure which we usein this case
study is constitutedby 12 framesalternatedas follows:
IBBPBBPBBPBB. Typically, I-frames require more bits
than P-frameswhile B-frameshave the lowestbandwidth
requirement. For this reasonthe burstinessof an MPEG-
videotraf ¢ sourcestronglydepend®ntheobsenationin-
tenal. In factin aninterval aslong asa GoPthe presence
of threeP-framesandeight B-frameswill smooththe peak
dueto thel-frame. If we consideraninterval aslong asthe
time coveredby threeframes the possiblepresencef anl-
framewill be smoothednly by two B-framesandwe will
thereforehave an higheraveragevaluethanin the caseof
GoPlongintervals.

For thesereasonsan MPEG-videotraf ¢ tracecanbe
characterizedtby its upperboundsin GoP-longintenals,in
three-frame-longntervalsandin one-frame-longntenvals.

Let us apply the above sourcecharacterizatiorto an
MPEG-videatraceof " TheSimpson’s

Along with the de nition in Section5, the Simpsons
traceis: -
smoothwhere indicateshenumberof time instantscov-
eredby aframeinterval. In Fig. 3we show thedeterministic

0 w constrainfunctionevaluatedasin Sectionb.

In Figs.4 and5, we shov theupperbounddor thebuffer
capacityandthe delayrespectiely, achieved usingthe re-
sultswe obtainedn thelastsectionfor an -limiter versus
thevalueof (solid lines),comparedwith thoseobtained
usingtheresultspresentedn [2] (dashedines).

As canbeobsenedby usingour extensionto Flow The-
ory, for the samevalueof  we getsmallerupperbounds
for delayandbuffer capacity:this meanghatwe know that
lessbandwidthis neededo guaranteea certainmaximum

x 10

b(n) (bits)

0 10 20 30 40 50 60 70 80 90 100
n (frame intervals)

Figure 3. Deterministic constraint o w func-

tion

buffer capacityanddelayin the sessiorandthereforebetter
resourcautilization canbe achieved.

Analogously in Figs. 6 and 7 we comparethe upper
boundsfor the buffer capacity achievable using our ex-
tension(solid lines) and using [2] (dashedlines) for an

-compactorand an -expander respectiely, when
varies. Thereagain,by usingour extensionsmallervalues
arefoundfor the upperboundsof the buffer capacity We
do not presentgures referringto delay becauséy using
the two methodologiedor boththe -compactorandthe

-expanderthe maximumdelayis always

Let us explicitly obsene thatin eachof the above g-
uresall the valuesfor the upperboundsrelatedto the re-
sultsin [2] have beenevaluatedas the minimum of the
upper bounds achievable by consideringthe three traf-
¢ ow parametercharacterizationseparately namely

-smooth, -smoothand
-smooth.

7 Conclusions

In this paper in orderto achieve ef cient resourceuti-
lization, we have enhanced-low Theory extendingits re-
sultsin aframework in whichamoreaccuratdraf c model
is used.

More speci cally, we have re ned the sourcemodelby
characterizingraf ¢ in termsof smoothnesanduniformity
in morethanoneinterval, andwe have providedthetheory
with all thetoolsnecessaryo studyreal-timeprotocolsfor
networkswith anarbitrarytopologywhenthe above traf c
characterizations used.

Througha casestudywe have shovn that by usingour
extensionit is possibleto achieve smallerupperboundsfor



Buffer capacity (bits)

S (bits/frame interval)

Figure 4. Upper bounds for the buff er capacity

of an

-limiter versus the value of achiev-

able using our extension (solid line) and [2]
(dashed line)

quality of serviceparameterssuchas buffer capacityand
delay thanthoseachiezable usingthe theory presentedn
[2], thuspermittingbetterresourcananagement.

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

9]

J. Beran, R. Sherman,M. S. Taqqu, and W. Willinger.
Long-rangedependencen variable-bit-ratevideo trafc.
IEEE Transactionson Communication 43(2/3/4):1566—
1579,1995.

J. A. CobbandM. G. Gouda. Flow theory |IEEE/ACM
Transactionsn Networking 5(5):661-6740ct. 1997.

R. L. Cruz. A calculusfor network delay partl: Network
elementsin isolation. IEEE Transactionson Information
Theory 37(1):114-131Jan.1991.

R. L. Cruz. A calculusfor network delay part Il: Net-
work analysis. IEEE Transactionson Information Theory
37(1):132-141)an.1991.

L. Dittmann, S. B. JacobsenandK. Moth. Flow enforce-
mentalgorithmsfor ATM networks. IEEE Journal on Se-
lectedAreasin Communications9(3):343—-350Apr. 1991.
L. Geogiadis, R. Guerin, and A. Parekh. Optimal mul-
tiplexing on a single link: delay and buffer requirements.
IEEE Transactionson Information Theory 43(5):1518—
1536,Sept.1997.

D. I. S.ISO/IEC DIS 13818-2. Coding of maving picture
andassociatecgudioPart. 2, Video. 1993.

I. S.ISO/IECIS 11172-2. Coding of moving picture and
associatecaudiofor digital storage mediaup to 1.5 Mbit/s
Part. 2, Videa 1993.

E. W. Knightly and H. Zhang. D-BIND: an accurate
trafc model for providing qos guaranteedo VBR traf-
c. |IEEE/ACM Transactionon Networking 5(2):219-231,
Apr. 1997.

Delay (frame intervals)

0.7 0.8 0.0 1 11 1.2 1.3 1.4 1.5

S (bits/frame interval)

Figure 5. Upper bounds for the delay of an -

limiter versus the value of

achievable using

our extension (solid line) and [2] (dashed line)

[10]

[11]

[12]

A. LombardoandG. Schembra.An analyticalparadigmto

comparerouting stratgiesin an atm multimediaerviron-

ment. |IEEE/ACM Transactionson Networking 5(6):958—
969,Dec.1997.

E. Rathgeb Modeling and performancecomparisonof

policing mechanismgor ATM networks. 1EEE Journal

on SelectedAreasin Communications9(3):325-334 Apr.

1991.

D. E. Wrege, E. W. Knightly, H. Zhang, and J. Liebe-
herr. Deterministicdelayboundsfor VBR videoin paclet-

switchingnetworks: fundamenatlimits andpracticaltrade-
offs. IEEE/ACM Transactionson Networking 4(3):352—
362,Junel996.



Buffer capacity (bits)

2
20 25 30 35 40 45 50 55 60 65
n (frame intervals)

Figure 6. Upper bounds for the buffer capac-
ity of an -compactor versus the value of

achievable using our extension (solid line)
and [2] (dashed line)

Buffer capacity (bits)

2
20 25 30 35 40 45 50 55 60 65
n (frame intervals)
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