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Abstract

Flow Theory is a rich, effective theory introduced in or-
der to study real-time network protocols. It is based on dis-
crete mathematics in which a flow of data is represented by
an infinite sequence of numbers and is characterized by its
upper bounds. Unfortunately up to now Flow Theory has
used a traffic characterization that in some cases can be
too loose, thus causing an inefficient network utilization. In
this paper we enhance Flow Theory by providing it with a
more accurate traffic characterization and with all the tools
necessary to deal with it. As we will see, this enhancement
provide a more accurate performance evaluation and thus
better network utilization.

Keywords: traffic modeling,worst-case analysis, deter-
ministic approach, rate-reservation protocols, MPEG.

1 Introduction

Integrated service networks have to support a large num-
ber of sessions with different performance requirements,
and at the same time optimize resource utilization. In such a
scenario it is of crucial importance to achieve a reliable per-
formance evaluation for each session in terms of end-to-end
delay and loss rate.

To this end, two approaches are possible: one is stochas-
tic, the other is deterministic.

The stochastic approach is based on modeling the traf-
fic from each session by means of stochastic processes such
as Markov-based processes (e.g. [10]) or self-similar pro-
cesses (e.g. [1]), and, in general, leads to methodologies
which are too complex to be utilized in real-time procedures
such as call admission control (CAC). Moreover, it is ex-
tremely hard to verify whether a traffic source is respecting
the statistical characterization it declared at the call set-up
time, and it is therefore very difficult to implement a suit-
able policing mechanism.

The deterministic approach was introduced by Cruz in
[3] [4]. This approach does not try to match the traffic
source behavior, but simply wants to bind it, that is, it
takes care of the worst case. Obviously by using this ap-
proach, as for example in [12] [9] and [6], we can only ob-
tain upper bounds of the quality of service parameters, but
the related methodologies for performance evaluation are
computationally much simpler than those achieved with the
stochastic approach and thus are more suitable for real-time
applications.

Flow Theory, based on a deterministic approach, was in-
troduced in [2] with the aim of studying rate reservation
protocols in networks of arbitrary topology. In each of these
protocols, at the connection set-up time, the user requests
suitable quality of service parameters to be guaranteed by
the network and characterizes its behavior; then the net-
work evaluates the amount of resources needed to provide
the above quality of service and, if they are available, estab-
lishes the connection.

The main merit of Flow Theory, as compared to other
performance analysis methodologies using a deterministic
approach [3] [4] [12] [9] [6], is that it allows real-time proto-
cols, as well as first-come-first-served protocols, to be mod-
eled and studied.

However, in [2] source characterization is given in terms
of the highest average arrival rate in intervals of only one
given length, and therefore may be too rough in the case
of traffic sources characterized by burstiness in several
timescales ( MPEG, for an example), consequently it could
lead to an overestimation of the amount of resources needed
by each session and thus to bad network efficiency.

For the above reason, in this paper we provide Flow
Theory with a more accurate traffic model which, accord-
ing to Knightly and Zhang’s D-BIND model [9], consid-
ers the highest average arrival rate in intervals of several
given lengths. Moreover, we develop the tools needed to
deal with this new traffic model and finally we prove that
by using them we can achieve a more accurate worst-case
performance evaluation and thus better network utilization.



The rest of the paper is organized as follows. In Section
2 we report the definition of flow and of its main two prop-
erties - i.e. smoothness and uniformity - introduced in [2].
In Section 3 we recall the definition of flow operator and we
describe the main specific flow operators. In Section 4 the
definition of linear network is reported. In Section 5 we in-
troduce a more accurate traffic characterization and extend
Flow Theory in order to deal with it. In Section 6, through
a case study, we demonstrate the power of our approach by
comparing the upper bounds for the performance parame-
ters achievable using the original Flow Theory with those
achievable using our enhancement. Finally in Section 7 we
present our conclusions.

2 Flows

A flow r is an infinite sequence of nonnegative real num-
bers rq,r1,79,.... In a slotted-time environment r; could
represent the number of bits (or cells) from a session enter-
ing a network element at the i-th time instant.

A flow r is (m, R)-uniform, in which R is a positive real
number, if in any time interval of length m the average value
of r is lower than or equal to R; formally:

j+m—1

Y rm<m-R  VYje{0,1,2,..} (1)
i=j

Now, let us divide the temporal axis into contiguous in-
tervals of length m; a flow r is (m, R)-smooth, in which R
is a positive real number, if the average value of r is lower
than or equal to R in each of the above intervals; formally:

(j+1)-m—1

Z ri <m-R

i=j-m

Vi€ {0,1,2,..} (2

Let us explicitly observe that in both cases the mean rate
of the flow is at most R.
The relationship between smoothness and uniformity is
given by Theorem 1 in [2]:
Theorem 1 : Let r be an (m, R)-smooth flow, and ' be
an (m, R)-uniform flow.
1. Foranyn,n > 1,
a)ris[n,([n/m] +1) - (m/n) - R]-uniform.
b) ' is [n, [n/m] - (m/n) - R]-uniform.
2. For any n multiple of m ,
a) r is (n, R)-smooth.
b) ' is (n, R)-uniform.
3. Forany S larger than or equal to R,
a) r is (m, S)-smooth.
b) " is (m, S)-uniform.

Corollary 1 : ris (m,2 - R)-uniform and r' is (m, R)-
smooth.

The second part of Corollary 1 states that uniformity is a
stronger property than smoothness; in fact the first implies
the second. Unfortunately the second is easier to assess, as
is required in real-time control operations like traffic polic-
ing. In fact, enforcing smoothness requires Jumping Win-
dow algorithms, while enforcing uniformity requires more
complex algorithms such as Exponentially Weighted Mov-
ing Average (EWMA) [11] [5]. For this reason, although a
traffic characterization in terms of uniformity should permit
more efficient resource utilization, we will deal with both
smoothness and uniformity.

3 Flow operators

While passing through each of the network elements,
traffic flows are reshaped; in order to model this occurrence,
in [2] the concept of flow operator is introduced.

In general a flow operator is an operator manipulating
flows.
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Figure 1. Flow Operator

As in Fig. 1, a flow operator can be represented by an
input flow =, an output flow s, and a third internal flow b
which we will refer to as buffer flow; at the generic slot ¢, the
flow operator inputs r;, outputs s; and stores the remainder
in the internal buffer, that is:

bi =bi—1+1i —si @)

where b_; = 0, and in order for b; > 0, s; < b;_1 + r; t0
hold for any 4 (flow conservation property).

The buffer capacity B of a flow operator with respect
to the input flow r is defined as the highest value taken by
b;. The delay D of a flow operator with respect to the in-
put flow r is the smallest nonnegative integer satisfying the
following condition:

b; < Sit1 + Sig2 + ... + Si4D Vi € {0,1,2,...} (4)

In a network environment, both the buffer capacity and
the delay of a flow operator can be seen as quality of service
(QoS) parameters. Let us explicitly observe that they are
defined as upper bounds of both the buffer occupancy and
the delay suffered by the bits (or cells) entering a network
element.



The relationship between the buffer capacity and the de-
lay of any flow operator is stated by the following theorem:

Theorem 2 : Consider any flow operator whose input is
(m, R)-uniform. Let B denote the buffer capacity of this
operator, and D denote its delay. Then:

B<[D/m]-m-R (5)

In [2] a number of flow operators are introduced, namely
limiters, compactors, expanders, filters, delayers, mergers,
splitters and separators.

Let R be a positive real number. An R-limiter is a flow
operator that at each slot inputs an input flow element and
outputs the most it is allowed by the conservation property
but no more than R:

L _[R
ol bt

Let m be a positive integer. An m-compactor is a flow
operator that accumulates the input flow in its buffer during
an interval of m time instants, and then outputs the buffer
contents in the first time instant of the next interval. For-
mally:

ifb; 1+7, >R
ifb; 1+7r; <R (6)

_Jo ifimodm #0
5= {bzl ifimodm =0 (7)

Let m be a positive integer. An m -expander is a flow
operator that may output any value at each time instant pro-
vided the flow conservation property is satisfied. In addi-
tion, to guarantee a bounded delay, the entire buffer content
is transferred to the output flow every m time instants. For-
mally:

ifimodm=m-1
ifimodm #m —1

s = {bil +r; ®)

(bio1 + 1) - X;

where each X is a real number in the closed interval [0, 1].

Let R be a positive real number. An R-filter is a flow op-
erator that at each time instant may output any value equal
to or greater than R, provided that the flow conservation
property is not violated. Formally:

a=1%
ol bic

where X is a real number in the interval [R,b;—; + r;]. TO
explain better how an R-filter operates, let us consider an R-
limiter, and let r be the flow entering both the R-limiter and
R-filter. The above condition is respected if at each time
instant ¢ the sum of the first ¢ elements of the output flow
of the R-filter is greater than or equal to the first 4 elements
of the output flow of the R-limiter. Formally, if we call the
buffer flow of the R-filter 5(/) and that of the R-limiter b():

ifb,_1+7r, >R
if b,'_l +r; S R (9)

8; = max[(bgf)l +7r;) - Xi, b§{’1 +r; — bgl)]
(10)
where X; is a real number in the closed interval [0, 1].

A d-delayer, where d is a positive integer, is a flow op-
erator that delays its input flow in an arbitrary manner by at
most d time instants. A d-delayer can be defined recursively
as a (d — 1)-delayer followed by a 1-delayer. The operation
of a 1-delayer is:

s;=r;-Xi+bi1 Vie{0,1,2,..} (11)

where X; is a real number in the closed interval [0, 1].
Moreover, in [2] in order to be able to construct a flow
operator network with an arbitrary topology, some flow op-
erators with multiple inputs or multiple outputs are defined.
A merger is a flow operator with two input flows, r and
g, and one output flow, s. At each time instant it outputs the
sum of its two inputs at that instant. Formally:

Vie {0,1,2,..} (12)

Let X be a real number in the closed interval [0,1]. An
X -splitter is a flow operator with one input flow r and two
output flows, s and ¢, which at each time instant splits its
input between its two outputs with a ratio of X and (1—X).
Formally:

$i =¢qi + 7

Si:X-T'z'
tiz(l—X)-T‘i

Vi€ {0,1,2,...}

Vie{0,1,2,..} (13)

A separator is a flow operator with one input flow, r, and
two output flows, s and ¢; it splits its input between the two
outputs with a ratio chosen arbitrarily at each time instant.
Formally:

s,-:Xz--r,-
ti=1—-Xi)m

Vi€ {0,1,2,..}

Vi€ {0,1,2,..} (14)

where Xj; is a real number in the closed interval [0, 1].

4 Linear Networks

A combination of flow operators can be used to model
data transmission in a network [2]. For example, in the
Stop-and-Go protocol, time is partitioned into consecutive
periods of equal duration called frames. Each computer in-
volved in a session buffers all the data packets that it re-
ceives in one frame and then forwards these packets in the
next output frame. The protocol makes no guarantees on
how the packets are to be arranged in the output frame; for
this reason each computer on the path can be modeled as a
sequence of an m-compactor and an m -expander, where m

Vi€ {0,1,2,..}



is the number of time instants constituting a frame. Like-
wise it could be demonstrated that in Hierarchical Round-
Robin protocols each computer belonging to a session can
be modeled as a sequence of an R-limiter, an m -compactor
and an m-expander, where m is the number of time instants
in each round and m - R is the maximum number of data
packets that the computer can forward along the connection,
and that in Timestamp Protocols each computer belonging
to the path of a session can be represented as a sequence
of an R-filter and a (L/R 4 Ly, /C)-delayer, where L
is the maximum packet size of the session, R is the rate
reserved by the computer for the session, L,,,,. is the max-
imum packet size over all the sessions whose path includes
the computer and C is the rate of the output link.

In order to model sequences of flow operators, in [2] lin-
ear networks are introduced. A finite sequence of flow op-
erators (fo, f1,.--, fn—1) IS a linear network if for each ¢,
0 <i < n =1, the output flow of f; is the input flow of
fi+1. The input flow of fy is the input flow of the linear
network and the output flow of f,,_; is the output flow of
the linear network.

/ g
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Figure 2. Linear Network (f, g)

As an example, consider a linear network (f, g) of two
flow operators f and g, as shown in Fig. 2: the input flow
of the network is r, the output flow is ¢; the buffer flow ¢ of
the whole network can be defined as:

Ci=Ci—1+71;i—1; Vie {0,1,2,...} (15)

where c_; = 0.

Once the buffer flow of a linear network is defined, the
definitions of its buffer capacity and delay are straightfor-
ward and the following theorem can be proved:

Theorem 3 : Let r be the input flow and s the intermedi-
ate flow of a linear network (f, g) with the operators f and

qg.

1. if the buffer capacity of f with respect to r is at most
B, the buffer capacity of g with respect to any inter-
mediate flow s is at most B(9), and the buffer capacity
of the network {f, g) with respect to r is C, then:

¢ < BY) + B (16)

2. if the delay of f with respect to r is at most D), the
delay of g with respect to any intermediate flow s is

at most D(9), and the delay of the network (f, g) with
respect to r is D, then:

D < DY) 4+ pW (17)

For a particular linear network the following results were
obtained in [2]:

Theorem 4 : Let f be an m-expander, and g and h be
m-compactors. If the input flow to the linear network (f, g)
is the same as the input flow of h, then the output flow of
(f, g) is the same as the output flow of h.

Theorem 5 : Let f and g be two R-filters. If the input
flow of f is the same as the input flow of the linear network
(f, g), then every output flow of f is an output flow of {f, g)
and vice versa.

Theorem 6 : Let h be a d-delayer, and let f and g be
R-filters. If the linear networks (h, g) and {f, h) have the
same input flow:

1. any output flow of (h,g) is also an output flow of

(£,h),

2. the buffer capacity of {f, h) is at most the buffer ca-
pacity of f plusd - R.

5 Extending Flow Theory

In this section we extend Flow Theory in order to provide
for more parsimonial resource management. We first intro-
duce a new traffic characterization in which traffic bounds
are given in intervals of several lengths, then we adapt the
results obtained in [2] to this more accurate traffic charac-
terization.

Let my,ms,...,my be J positive integers such that
my < mg < .. <my,andlet Ry, Ry, ..., Ry be J positive
real numbers. We will say that a flow = is {(m;, R;)|j =
1,2,...,J}-smooth if it is (m;, R;)-smooth for each j.
Analogously it will be {(m;, R;)|j = 1,2, ..., J}-uniform
if it is (my, R;)-uniform for each j. Let us stress that this
second characterization in terms of uniformity can be re-
garded as a discrete-time version of the D-BIND model [9].

Let A (ny,ns) with ny < no be the sum of the ele-
ments of a flow » from the time instant n; to the time instant
no.

AT (ny ng) =rp, + Tnygt + oo+ Ty (18)

As in [9], we define a monotonic increasing function
b")(n) as a deterministic flow constraint function of r
if b(")(n) is a bounding function of the flow =, that is,
AT (ny,ny +n —1) < b (n),VYny and n.

As we will see later, b(") (n) plays a crucial role in per-
formance evaluation; so, although there are an infinity of
functions bounding a flow, the lower the (") (n) values, the
more accurate the model and thus the greater the resource
utilization.



It could be proved that if a flow r is {(m;, R;)|j =
1,2, ..., J}-smooth it can be bounded by the function:

b (n) = e(n,ma,...,my, Ry, ..., Ry) (19)

where:
c(n,ms,...,mj,Ry,...,R;) =

(0 ifn <0
ml-Rl ifTL:l
2-m1-R; ifTLG]l,m1+1]

min(2 sy - Ri,

c(n,my, ..., m;—1, ifn—1&m;_1,m;

Ri,...R; 1)) andi =2,...,j
mingefo,rn/m,1+1] (1 - mj - R;
+e(n—14+6(1)— (1 -1+
+6(l)) S, My ey M1,
\ Rl,...,Rj_l)) ifn > m; +1
(20)

and §(I) indicates the Dirac function in the discrete-time
domain defined as:

5(1):{(1)

Moreover, if a flow r is {(m;,R;)j = 1,2,...,J}-
uniform it can be bounded by the function:

ifil=0

otherwise (1)

b(r)(n) =d(n,my,...my,Ri,...., Ry) (22)

where:
d(n,my,...,m;, Ry, ..., R;) =

(0 ifn<0
mi - Ry ifn E]O,ml]
minle{o’l}(l My - Rl + d(’l’l/+
=l-mi,ma,...,mi_1,
Rl;“'JRifl))
minefo,fn/m,1 (L - m; - R+
din—1-mj,maq,.,mj_1,
\ Rla"'aRj—l))

if n €]m;_1,m;]

ifn >m;
(23)
Once we have bounded flows with respect to this new
characterization, the following theorems, extending the re-
sults presented in [2], can be proved:
Theorem 7 : If the input flow » of an S-limiter is
{(mj,R;)|j = 1,2, ..., J}-smooth (or uniform), then

1. The output flow is (1, S)-uniform,

2. The output flow is {(m;, R;)|Vj < J : R; < S}-
smooth (or uniform),

3. The buffer capacity is at most [max, (b(") (n) —n - S)]
4. The delay is at most: [[max, (b (n) —n - S)]/S]

where b(")(n) is the deterministic flow constraint of the flow
r obtained by using (19) and (20) (or (22) and (23)).

Theorem 8 : If the input flow » of an n-compactor is
{(mj, R;)|j = 1,2, ..., J}-smooth (or uniform):

1. The output flow is (n, (") (n)/n)-uniform
2. The buffer capacity is at most (") (n),

3. The delay is at most n.

where b(")(n) is the deterministic flow constraint of the flow
r.

Theorem 9 : If the input flow r of an n-expander is
{(mj, R;)|j = 1,2, ..., J}-smooth (or uniform):

1. The output flow is (n, (") (n)/n)-smooth
2. The buffer capacity is at most b(") (n),

3. The delay is at most n.

where b(") (n) is the deterministic flow constraint of the flow
r

Theorem 10 : |If the input flow r of an S-filter is
{(mj, R;)|j = 1,2, ..., J}-smooth (or uniform), then

1. The buffer capacity is at most max,,(b(" (n) —n - S)
2. The delay is at most [[max,, (b (n) — n - S)]/S]

Theorem 11 : For a merger if an input flow is
{(m;,R;j)|s = 1,2,...,J}-smooth (or uniform) and the
other is {(m;, S;)|l7 = 1,2,..., J}-smooth (or uniform),
then the output flow is {(m;, R; + S;)|j = 1,2,...,J}-
smooth (or uniform).

Theorem 12 : For an X-splitter, if the input flow is:
{(m;,R;)|j = 1,2,...,J}-smooth (or uniform), then the
first output flow is {(m;, X - R;)|j = 1,2, ..., J}-smooth
(or uniform) and the other is {(m;,(1 — X) - R;)|j =
1,2, ..., J}-smooth (or uniform).

Theorem 13 : For a separator, if the input flow is
{(m;, R;)|j = 1,2, ..., J}-smooth (or uniform), then both
the output flows are {(m;, R;)|j = 1,2, ..., J}-smooth (or
uniform).

6 Casestudy

In this section we demonstrate that our extension to Flow
Theory is very useful in cases in which the traffic sources
we are studying are characterized by burstiness on multiple
time scales. As an example we will deal with an MPEG-
video source which, because of the particular coding tech-
nique, gives a typical case of traffic with burstiness on mul-
tiple scales.



The basic idea behind MPEG is, in fact, to remove spa-
tial redundancy within a video frame and temporal redun-
dancy between subsequent video frames [8] [7] and, as a
consequence, the coder output is a deterministic periodic se-
quence called Group of Pictures (GoP) achieved with three
types of coded frames:

e |-frames, which are coded using only information
present in the picture itself, in order to provide po-
tential random access points in compressed video se-
quences. The coding is based on the discrete-cosine
transform according to the JPEG coding technique;

e P-frames, which are coded using a coding algorithm
similar to the one used for I-frames, but with the addi-
tion of motion compensation with respect to the previ-
ous I- or P- frame (forward prediction);

e B-frames, which are coded with motion compensation
with respect to the previous I- or P-frame, and the next
I- or P-frame, or an interpolation between them (bidi-
rectional prediction).

A widely-used GoP structure, which we use in this case
study, is constituted by 12 frames alternated as follows:
IBBPBBPBBPBB . Typically, I-frames require more bits
than P-frames, while B-frames have the lowest bandwidth
requirement. For this reason the burstiness of an MPEG-
video traffic source strongly depends on the observation in-
terval. In fact in an interval as long as a GoP the presence
of three P-frames and eight B-frames will smooth the peak
due to the I-frame. If we consider an interval as long as the
time covered by three frames, the possible presence of an I-
frame will be smoothed only by two B-frames and we will
therefore have an higher average value than in the case of
GoP long intervals.

For these reasons, an MPEG-video traffic trace can be
characterized by its upper bounds in GoP-long intervals, in
three-frame-long intervals and in one-frame-long intervals.

Let us apply the above source characterization to an
MPEG-video trace of "The Simpsons”.

Along with the definition in Section 5, the Simpsons
traceis: {(1-A,148496), (3-A,83.978), (12-A,69.824)}-
smooth, where A indicates the number of time instants cov-
ered by a frame interval. In Fig. 3 we show the deterministic
flow constraint function evaluated as in Section 5.

In Figs. 4 and 5, we show the upper bounds for the buffer
capacity and the delay respectively, achieved using the re-
sults we obtained in the last section for an R-limiter versus
the value of R (solid lines), compared with those obtained
using the results presented in [2] (dashed lines).

As can be observed by using our extension to Flow The-
ory, for the same value of R we get smaller upper bounds
for delay and buffer capacity: this means that we know that
less bandwidth is needed to guarantee a certain maximum

x 10

b(n) (bits)

0 10 20 30 40 50 60 70 80 90 100
n (frame intervals)

Figure 3. Deterministic constraint flow func-
tion

buffer capacity and delay in the session and therefore better
resource utilization can be achieved.

Analogously, in Figs. 6 and 7 we compare the upper
bounds for the buffer capacity achievable using our ex-
tension (solid lines) and using [2] (dashed lines) for an
m-compactor and an m-expander, respectively, when m
varies. There again, by using our extension smaller values
are found for the upper bounds of the buffer capacity. We
do not present figures referring to delay because by using
the two methodologies for both the m-compactor and the
m-expander the maximum delay is always m.

Let us explicitly observe that in each of the above fig-
ures all the values for the upper bounds related to the re-
sults in [2] have been evaluated as the minimum of the
upper bounds achievable by considering the three traf-
fic flow parameter characterizations separately, namely,
(1 - A,148496)-smooth, (3 - A,83.978)-smooth and (12 -
A, 69.824)-smooth.

7 Conclusions

In this paper, in order to achieve efficient resource uti-
lization, we have enhanced Flow Theory, extending its re-
sults in a framework in which a more accurate traffic model
is used.

More specifically, we have refined the source model by
characterizing traffic in terms of smoothness and uniformity
in more than one interval, and we have provided the theory
with all the tools necessary to study real-time protocols for
networks with an arbitrary topology when the above traffic
characterization is used.

Through a case study we have shown that by using our
extension it is possible to achieve smaller upper bounds for



Buffer capacity (bits)

0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5

S (bits/frame interval)

Figure 4. Upper bounds for the buffer capacity
of an R-limiter versus the value of R achiev-
able using our extension (solid line) and [2]

Delay (frame intervals)

07 08 ) 1 14 12 13 1.4 15
S (bits/frame interval)

Figure 5. Upper bounds for the delay of an R-
limiter versus the value of R achievable using
our extension (solid line) and [2] (dashed line)

(dashed line)

quality of service parameters, such as buffer capacity and
delay, than those achievable using the theory presented in
[2], thus permitting better resource management.
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Figure 6. Upper bounds for the buffer capac-
ity of an m-compactor versus the value of
m achievable using our extension (solid line)
and [2] (dashed line)
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Figure 7. Upper bounds for the buffer capac-
ity of an m-expander versus the value of m
achievable using our extension (solid line)
and [2] (dashed line)



